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Abstract

Polynomial optimization problem is to optimize a generic multivariate polynomial func-
tion, subject to some suitable polynomial equality and inequality constraints. Such
problem formulation dates back to the 19th century, when the relationship between
nonnegative polynomials and sum of squares were discussed by Hilbert. Polynomial
optimization is one of the fundamental problems in the field of optimization, and has
applications in a large range of areas, including biomedical engineering, control theory,
graph theory, investment science, material science, numerical linear algebra, quantum
mechanics, signal processing, speech recognition, etc. This thesis presents a study
of some important subclasses of polynomial optimization problems arising from vari-
ous applications. The focus is on optimizing a high degree polynomial function, over
some commonly encountered constraint sets, such as the Euclidean ball, the Euclidean
sphere, the intersection of co-centered ellipsoids, the binary hypercube, as well as a
combination of them. Specifically, five classes of models are discussed, i.e., optimiz-
ing a multilinear function with quadratic constraints, a homogeneous polynomial with
quadratic constraints, a general polynomial with convex constraints, a general polyno-
mial with binary constraints, and a homogeneous polynomial with binary and spherical
constraints. All the problems under consideration are NP-hard in general. The main
contribution of this thesis is on the design and analysis of polynomial-time approxima-
tion algorithms with guaranteed worst-case performance ratios. These approximation
ratios are dependent on the problem dimensions only, and the new results improve
some of the existing results in the literature. In each class of these optimization mod-
els, some application examples are discussed and results of numerical experiments are
reported, revealing good practical performance of the proposed algorithms for solving

some randomly generated test instances.
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Chapter 1

Introduction

Polynomial optimization problem is the following generic optimization model

(POP) min p(x)
s.t. fz w)SO,izl,Q,...,ml,
gj($):07j:1727"'7m27

x = (x1, 22, - ,:rn)T e R,

where p(x), fi(z) (i =1,2,...,m1) and g;(x) (j = 1,2,...,mq) are some multivariate
polynomial functions. This problem is a fundamental model in the field of optimization,
and has applications in a wide range of areas. Many algorithms have been proposed

for subclasses of (POP), and specialized software packages have been developed.

1.1 History

The modern history of polynomial optimization may date back to the 19th century when
the relationship between nonnegative polynomial function and the sum of squares of
polynomials was studied. Given a multivariate polynomial function that takes only
nonnegative values over the real numbers, can it be represented as a sum of squares
of polynomial functions? Hilbert [54] gave a concrete answer in 1888, which asserted
that the only cases for a nonnegative polynomial to be a sum of squares are: univariate
polynomials; multivariate quadratic polynomials; and bivariate quartic polynomials.
Later, in Hilbert’s 17th problem—one of the famous 23 Hilbert problems addressed in
a celebrated speech in 1900 by Hilbert, a nonnegative polynomial entails expression

of definite rational functions as quotients of sums of squares. Given a multivariate
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polynomial function that takes only nonnegative values over the real numbers, can it be
represented as a sum of squares of rational functions? This was solved in the affirmative,
by Artin [8] in 1927. A continuous and constructive algorithm was later found by
Delzell [30] in 1984. About 10 years ago, Lasserre [70, 71] and Parrilo [93, 94] proposed
a method called the sum of squares (SOS) to solve general polynomial optimization
problem. The method is based on the fact that deciding whether a given polynomial
is a sum of squares can be reduced to the feasibility of a semidefinite program (SDP).
The SOS approach has a strong theoretical appeal, as it can in principle solve any

polynomial optimization problem to any given accuracy.

1.2 Applications

Polynomial optimizations have wide applications—just to name a few examples: biomed-
ical engineering, control theory, graph theory, investment science, material science, nu-
merical linear algebra, quantum mechanics, signal processing, speech recognition. It is
basically impossible to list, even very partially, the success stories of (POP), simply
due to its sheer size in the literature. To motivate our study, below we shall nonetheless
mention some sample applications to illustrate the usefulness of (POP).

Polynomial optimizations have immediate applications in investment science. For
instance, the celebrated mean-variance model was proposed by Markowitz [81] early in
1952, where the portfolio selection problem is modeled by minimizing the variance of the
investments subject to its target return. In control theory, Roberts and Newmann [107]
studied polynomial optimization of stochastic feedback control for stable plants. In
diffusion magnetic resonance imaging (MRI), Barmpoutis et al. [14] presented a case
for the fourth order tensor approximation. In fact, there are a large class of (POP)
arising from tensor approximations and decompositions, which are originated from
applications in psychometrics and chemometrics (see an excellent survey by Kolda
and Bader [68]). Polynomial optimizations have also applications in sinal processing.
Maricic et al. [79] proposed a quartic polynomial model for blind channel equalization
in digital communication, and Qi and Teo [101] conducted global optimization for high
degree polynomial minimization models arising from signal processing. In quantum
physics, Dahl et al. [27] proposed a polynomial optimization model to verify whether a

physical system is entangled or not, which is an important problem in quantum physics.
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Gurvits [42] showed that the entanglement verification is NP-hard in general. In fact,
the model discussed in [27] is related to the nonnegative quadratic mappings studied

by Luo et al. [76].

Among generic polynomial functions, homogeneous polynomials play an important
role in approximation theory (see e.g., two recent papers by Kroé and Szabados [69] and
Varju [117]). Essentially their results state that the homogeneous polynomial functions
are fairly ‘dense’ among continuous functions in a certain well-defined sense. As such,
optimizations of homogeneous polynomials become important. As an example, Ghosh
et al. [39] formulated a fiber detection problem in diffusion MRI by maximizing a

homogenous polynomial function subject to the Euclidean spherical constraint, i.e.,

(Hg) max f(x)

st. x|z =1, x € R"™.

The constraint of (Hg) is a typical polynomial equality constraint. In this case, the
degree of the homogeneous polynomial f(x) may be high. This particular model (Hg)
is widely appeared in the following examples. In material sciences, Soare et al. [110]
proposed some 4th, 6th and 8th order homogeneous polynomials to model the plastic
anisotropy of orthotropic sheet metal. In statistics, Micchelli and Olsen [82] considered
a maximum-likelihood estimation model in speech recognition. In numerical linear
algebra, (Hg) is the formulation of an interesting problem: the eigenvalues of tensors
(see Qi [99, 100] and Ni et al. [91]). Another widely used application of (Hg) is regarding

to the best rank-one approximation of higher order tensors (see [67, 68]).

In fact, Markowitz’s mean-variance model [81] mentioned previously is also opti-
mization on a homogeneous polynomial, in particular, a quadratic form. Recently, an
intensified discussion on investment models involving more than the first two moments
(for instance to include the skewness and the kurtosis of the investment returns) have
been another source of inspiration underlying polynomial optimizations. Mandelbrot
and Hudson [78] made a strong case against a ‘normal view’ of the investment returns.
The use of higher moments in portfolio selection becomes quite necessary. Along that
line, several authors proposed investment models incorporating the higher moments,
e.g., de Athayde and Flore [10], Prakash et al. [96], Jondeau and Rockinger [60], and

Kleniati et al. [64]. However, in those models, the polynomial functions involved are
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no longer homogeneous. In particular, a very general model in [64] is

max oy i it —0 szzlaijxixj +v ZZj,k:ﬁz‘jkwixj%k — szkj:lﬁijkg:cixjkag

st. Y ir,z=1x>0 xeR"
where (i), (045), (Siji) and (kijke) are the first four central moments of the given n
assets. The nonnegative parameters «;, 3,7, d measure the investor’s preference to the
four moments, and they sum up to one, i.e., a + 4+ v+ 0 = 1. Besides investment
science, many other important applications of polynomial function optimization involve
an objective that is intrinsically inhomogeneous. The other example is the least square
formulation to the sensor network localization problem proposed in Luo and Zhang [77].

Specifically, the problem takes the form of

min Zz’,jES (||5'3i — /| - dij2)2 + Zz‘eS,jeA (”mi —al|]* - di12)2

st. x'eR3icS,
where A and S denote the set of anchor nodes and sensor nodes respectively, d;; (i €
S,j € SUA) are (possibly noisy) distance measurements, a’ (j € A) denote the known
positions of anchor nodes, while 2’ (i € S) represent the positions of sensor nodes to
be estimated.

Apart from the continuous models discussed above, polynomial optimizations over

variables in discrete values, in particular binary variables, are also widely studied. For

example, maximize a polynomial function over variables picking from 1 or -1, i.e.,

(Pp) max p(x)
st. xme{l,—-1},i=1,2,...,n.
This type of problem can be found in a great variety of application domains. Indeed,
(Pp) has been investigated extensively in the quadratic case, due to its connections
to various graph partitioning problems, e.g., the maximum cut problem [40]. If the
degree of the polynomial goes higher, the following hypergraph max-cover problem is
also well studied. Given a hypergraph H = (V, E) with V being the set of vertices
and FE the set of hyperedges (or subsets of V'), and each hyperedge e € F is associated
with a real-valued weight w(e). The problem is to find a subset S of the vertices set
V', such that the total weight of the hyperedges covered by S is maximized. Denoting
z; € {0,1} (: = 1,2,...,n) to indicate whether or not vertex i is selected in S. The
problem thus is maxge(o1}» Y oep W(€) [[;e. ¥i- By a simple variable transformation

x; — (z; + 1)/2, the problem is transformed to (Pg), and vice versa.
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Note that the model (Pp) is a fundamental problem in integer programming. As
such it has received attention in the literature (see e.g., [43, 44]). It is also known as the
Fourier support graph problem. Mathematically, a polynomial function p : {—1,1}" —
R has Fourier expansion p(x) = 3 gcq19. 1 P(S) [L;eg %i, which is also called the
Fourier support graph. By assuming that p(z) has only succinct (polynomially many)
non-zero Fourier coefficient p(.S), can we compute the maximum value of p(x) over the
discrete hypercube {1, —1}", or alternatively can we find a good approximate solution
in polynomial-time? The latter question actually motivates the discrete polynomial
optimization models studied in this thesis. In general, (Pg) is closely related to finding
the maximum weighted independent set in a graph. In fact, any instance of (Pp) can
be transformed into the maximum weighted independent set problem, which is also
the most commonly used technique in the literature for solving (Ppg) (see e.g., [12,
106]). The transformation uses the concept of a conflict graph of a 0-1 polynomial
function, for details, one is referred to [21, 9]. Beyond its connection to the graph
problems, (Pp) also has applications in neural networks [58, 21, 6], error-correcting
codes [21, 97], etc. In fact, Bruck and Blaum [21] reveal the natural equivalence within
the model (Pp), maximum likelihood decoding of error-correcting codes, and finding
the global maximum of a neural network. Recently Khot and Naor [63] show that it has
applications in the problem of refutation of random k-CNF formulas [32, 35, 33, 34].

If the objective polynomial function in (Ppg) is homogeneous, likewise, the homoge-
neous quadratic case has been studied extensively, e.g., [40, 88, 90, 5]. Homogeneous
cubic polynomial case is also discussed by Khot and Naor [63]. Another interesting
problem of this class is the co +— l-norm of a matrix F' = (Fj;), studied by Alon and

Naor [5], i.e.,

1Flloomt = max 3y <icn, 1<j<n, Fis®it

st. we{l,—1}m, ye{1,-1}".

It is quite natural to extend the problem of co +— 1-norm to higher order tensors. In

particular, the co — 1-norm of a d-th order tensor F' = (Fj,,..;,) can be defined as

1.2 d
MAX D 1<y <y 1<in<ng, o 1 <ig<ng FiviaiaTiy Tiy T,

st. xFe{l, -1} k=1,2,...,d.

Another generalization of the matrix oo — l-norm is to extend the entry Fj; of the
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matrix F' to a symmetric matrix A;; € R™*™ i.e., the problem of

max Amax (Zléiém,léjﬁnz f"‘i?/a‘Aij>

st. xe{l,—-1}", ye{l, -1},

where Apax indicates the largest eigenvalue of a matrix. If the matrix A;; € R™1*™2
is not restricted to be symmetric, we may instead maximize the largest singular value,
ie.,

max Omax <Zl§i§n1’1§j§n2 xiyinj)

st. xe{l,—-1}"m, ye{l,—1}".

These two problems are actually equivalent to

MaX ) cicny 1<j<ny 1<k i<m Fijkt TiliZh2e
st. xe{l,—-1}" ye{l,—1}",

Izl =1, z € R™

and
max Zl§i§n1,1§j§n2,1§k§m1,1§€§m2 Fijke iy 21we
st. xe{l,—-1}",ye{l,—1}"2,
Izll2 = ||lw]2 =1, z € R™ w € R™2
respectively, where F' = (Fj;) is a fourth order tensor, whose (i, j, k, £)-th entry is
the (k,?)-th entry of the matrix A;;. These two special models of (POP) extends
polynomial integer programming problems to the mixed integer programming problems,

which is also an important subclass of (POP) studied in this thesis.

1.3 Algorithms

Polynomial optimization problems are typically non-convex and highly nonlinear. In
most cases, (POP) is NP-hard, even for very special instances, such as maximizing a
cubic polynomial over a sphere (see Nestorov [90]), maximizing a quadratic form in
binary variables (see e.g., Goemans and Williamson [40]), etc. The reader is referred
to de Klerk [65] for a survey on the computational complexity issues of polynomial
optimization over some simple constraint sets. In the case that the constraint set is
a simplex and the objective polynomial has a fixed degree, it is possible to derive
polynomial-time approximation schemes (PTAS) (see de Klerk et al. [66]), albeit the

result is viewed mostly as a theoretical one. Almost in all practical situations, the
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problem is difficult to solve, theoretically as well as numerically. However, the search
for general and efficient algorithms for polynomial optimization has been a priority for

many mathematical optimizers and researchers in various applications.

Perhaps the very first attempt for solving polynomial optimization problems is
taking them as nonlinear programming problems, and many existing algorithms and
software packages are available, including KNITRO, BARON, IPOPT, SNOPT, and
Matlab optimization toolbox. However, these algorithms and solvers are not tailor
made for polynomial optimization problems, and so the performance may vary greatly
from problem instance to instance. One direct approach is to apply the method of
Lagrange multipliers to reach a set of multivariate polynomial equations, which is the
Karush-Kuhn-Tucker (KKT) system that provides the necessary conditions for opti-
mality (see e.g., [122, 39, 57]). In [39], the authors develop special algorithms for that
purpose, such as subdivision methods proposed by Mourrain and Pavone [84], and gen-
eralized normal forms algorithms designed by Mourrain and Trébuchet [85]. However,
the shortcomings of these methods are apparent if the degree of the polynomial is high.
Generic solution methods based on nonlinear programming and global optimization
have been studied and tested (see e.g., Qi [98] and Qi et al. [102], and the references
therein). Recently, a tensor eigenvalue based method for a global polynomial optimiza-
tion problem was also studies by Qi et al. [103]. Moreover, Parpas and Rustem [92], and
Maringer and Parpas [80] proposed diffusion-based methods to solve the non-convex
polynomial optimization models arising from portfolio selection involving higher mo-
ments. For polynomial integer programming models, e.g., (Pg), the most commonly
used technique in the literature is transforming them to the maximum weighted inde-
pendent set problems (see e.g., [12, 106]), by using the concept of a conflict graph of a

0-1 polynomial function.

Sum of squares (SOS) approach has been one major systematic approach for solving
general polynomial optimization problems. The approach was proposed by Lasserre [70,
71] and Parrilo [93, 94], and significant research on the SOS method has been conducted
in recent ten years. The SOS method has a strong theoretical appeal, by constructing
a sequence of semidefinite programming (SDP) relaxations of the given polynomial
optimization problem in such a way that the corresponding optimal values are monotone
and converge to the optimal value of the original problem. Thus it can in principle solve

any instance of (POP) to any given accuracy. For univariate polynomial optimization,
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Nesterov [89] showed that the SOS method in combination with the SDP solution has a
polynomial-time complexity. This is also true for unconstrained multivariate quadratic
polynomial and bivariate quartic polynomial when the nonnegativity is equivalent to
the sum of squares. In general, however, the SDP problems required to be solved by the
SOS method may grow very large, and is not practical when the program dimension
goes high. At any rate, thanks to the recently developed efficient SDP solvers (e.g.,
SeDuMi of Sturm [112], SDPT3 of Toh et al. [115]), the SOS method appears to be
attractive. Henrion and Lasserre [52] developed a specialized tool known as GloptiPoly
(the latest version, GloptiPoly 3, can be found in Henrion et al. [53]) for finding a global
optimal solution of polynomial optimization problems on the SOS method, based on
Matlab and SeDuMi. For an overview on the recent theoretical developments, we refer

to the excellent survey by Laurent [72].

On the other side, the intractability of general polynomial optimizations therefore
motivates the search for suboptimal, or more formally, approximate solutions. In the
case that the objective polynomial is quadratic, a well known example is the semidef-
inite programming relaxation and randomization approach for the max-cut problem
due to Goemans and Williamson [40], where essentially a 0.878-approximation ratio of
the model maxg ey, —1)n 2T Fx is shown with F being the Laplacian of a given graph.
Note that the approach in [40] has been generalized subsequently by many authors,
including Nesterov [88], Ye [118, 119], Nemirovski et al. [87], Zhang [120], Charikar
and Wirth [24], Alon and Naor [5], Zhang and Huang [121], Luo et al. [75], and He et
al. [50]. In particular, when the matrix F' is only known to be positive semidefinite,
Nestrov [88] derived a 0.636-approximation bound for max,efy —1yn T Fx. For general
diagonal-free matrix F', Charikar and Wirth [24] derived an € (1/logn)-approximation
bound, while its inapproximate results are also discussed by Arora et al. [7]. For the

matrix 0o +— l-norm problem maxgec(i —1}m ye(1,—1}m 2" Fy, Alon and Naor [5] de-

7y€
rived a 0.56-approximation bound. Remark that all these approximation bounds remain
hitherto the best available ones. In continuous polynomial optimizations, Nemirovski
et al. [87] proposed an € (1/log m)-approximation bound for maximizing a quadratic

form over the intersection of m co-centered ellipsoids. Their models are further studied

and generalized by Luo et al. [75] and He et al. [50].

Among all the successful approximation stories mentioned above, the objective poly-

nomials are all quadratic. However, there are only a few approximation results in the
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literature when the degree of the objective polynomial is greater than two. Perhaps
the very first one is due to de Klerk et al. [66] in deriving a PTAS of optimizing a fixed
degree homogenous polynomial over a simplex, and it turns out to be a PTAS of opti-
mizing a fixed degree even form (homogeneous polynomial with only even exponents)
over the spherical constraint. Later, Barvinok [15] showed that optimizing a certain
class of polynomials over the spherical constraint also admits a randomized PTAS. Note
that the results in [66, 15] apply only when the objective polynomial has some special
structure. A quite general result is due to Khot and Naor [63], where they showed how
to estimate the optimal value of the problem maxgzc(,_1}n Zlgm,kgn Fijkxixjxy, with
(Fijk) being square-free, i.e., Fjj;, = 0 whenever two of the indices are equal. Specifical-
ly, they presented a polynomial-time randomized procedure to get an estimated value
that is no less than (2 <\/@> times the optimal value. Two recent papers (Luo and
Zhang [77], and Ling et al. [73]) discussed polynomial optimization problems with the
degree of objective polynomial being four, and start a whole new research on approxi-
mation algorithms for high degree polynomial optimizations, which are essentially the
main subject in this thesis. Luo and Zhang [77] considered quartic optimization, and
showed that optimizing a homogenous quartic form over the intersection of some co-
centered ellipsoids is essentially equivalent to its (quadratic) SDP relaxation problem,
which is itself also NP-hard. However, this gives a handle on the design of approx-
imation algorithms with provable worst-case approximation ratios. Ling et al. [73]
considered a special quartic optimization model. Basically, the problem is to minimize
a biquadratic function over two spherical constraints. In [73], approximate solutions
as well as exact solutions using the SOS method are considered. The approximation
bounds in [73] are indeed comparable to the bound in [77], although they are dealing
with two different models. Very recently, Zhang et al. [123] and Ling al. [74] further
studied biquadratic function optimization over quadratic constraints. The relations
with its bilinear SDP relaxation are discussed, based on which they derived some data

dependent approximation bounds.

In the meanwhile, when the objective function of (POP) is a high degree inhomo-
geneous polynomial, we have not seen any approximation results so far, even in the
relative sense (for a discussion on relative approximation algorithms, see Section 2.3).
As a matter of fact, so far all the successful polynomial-time approximation algorithm-

s with provable approximation ratios in the literature, e.g., the quadratic, cubic and
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quartic models mentioned above are all dependent on the homogeneity in a crucial way.
Technically, a homogenous polynomial function allows one to scale the overall function
value along a given direction, which is an essential operation in proving the quality
bound of the approximation algorithms. Thus, extending the solution methods and
the corresponding analysis from homogeneous polynomial optimizations to the general
inhomogeneous polynomials is not straightforward. These trigger us to search for ap-
proximate solutions of (POP) with an inhomogeneous polynomial objective, which is

one of the targets to achieve in this thesis.

1.4 Main Contributions

This thesis is concerned with some important and widely used subclasses of polynomial
optimization problems, including optimization of a multilinear function with quadratic
constraints, a homogeneous polynomial with quadratic constraints, a general polyno-
mial with convex constraints, a general polynomial with binary constraints, and a ho-
mogeneous polynomial with binary and spherical constraints. The detailed description
of the problems studied is listed in Section 2.1.3. All these problems are NP-hard in
general, and the focus is on the design and analysis of polynomial-time approximation
algorithms with provable worst-case performance ratios. We also discuss the appli-
cations of these models, and the numerical performance of the proposed algorithms.

Specifically, our contributions are highlighted as follows.

1. We propose approximation algorithms for optimization of any fixed degree homo-
geneous polynomial with quadratic constraints, which is the first such result for
approximation algorithms of polynomial optimization problems with an arbitrary
degree. The approximation ratios depend only on the dimensions of the problems
concerned. Compared with any existing results for high degree polynomial opti-
mizations, our approximation ratios improve the previous ones, when specialized

to their particular degrees.

2. We establish systematic link identities between multilinear functions and homoge-
neous polynomials, and thus establish the same approximation ratios for homoge-

neous polynomial optimizations with their multilinear form relaxation problems.

3. We propose a general scheme to handle inhomogeneous polynomial optimizations
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through the method of homogenization, and thus establish the same approxima-
tion ratios (in relative sense) for inhomogeneous polynomial optimizations with
their homogeneous polynomial relaxation problems. It is the first approxima-
tion bound of approximation algorithms for general inhomogeneous polynomial

optimizations with a high degree.

4. We propose several decomposition routines for polynomial optimizations over
different types of constraint sets, and derive approximation bounds for multilinear

function optimizations with their lower degree relaxation problems.

5. With the availability of our proposed approximation algorithms, we illustrate

some potential modeling opportunities with the new optimization models.

This thesis is organized as follows. First in Chapter 2, we introduce the notations
and models, as well as providing necessary preparations for better understanding the w-
hole thesis. Then from Chapter 3 to Chapter 7, we discuss five subclasses of polynomial
optimization problems, with each subclass in one chapter (the detail description of these
subclasses is introduced in Section 2.1). In each of these five chapters, polynomial-time
approximation algorithms with provable worst-case performance ratios will be proposed
to solve the models concerned, followed by a discussion on their applications and/or a
report on numerical performance of the algorithms proposed. Finally, in Chapter 8, we
summarize the main results in this thesis, and discuss some recent developments and

future research topics.



Chapter 2

Notations and Preliminaries

2.1 Notations and Models

Throughout this thesis, we exclusively use the boldface letters to denote vectors, ma-
trices, and tensors in general (e.g., the decision variable x, the data matrix @, and the
tensor form F'), while the usual non-bold letters are reserved for scalars (e.g., 1 being

the first component of the vector x, Q;; being one entry of the matrix Q).

2.1.1 Objective Functions

The objective functions of the optimization models studied in this thesis are all multi-
variate polynomial functions. The following multilinear tensor function (or multilinear

form) plays a major role in the discussion

Function T F(a', x? - %) = Z By igeigi T2, - --xfd,
1<i1<ng,1<i2<ne, - ,1<ig<nq

where ¥ € R™ for k = 1,2,...,d; and the letter ‘T" signifies the notion of tensor. In
the shorthand notation we denote F' = (Fj j,...;,) € R"*"2X XM to be a d-th order
tensor, and F' to be its corresponding multilinear form. The meaning for multilinear
states if one fixed (z2, x>, -, x?) in the function F, then it is a linear function of =,
and so on.

Closely related with the tensor form F' is a general d-th degree homogeneous poly-
nomial function f(x), where & € R". We call the tensor form F = (Fj ;,...;,) super-

symmetric (see [67]), if any of its components Fj j,...;, is invariant under all permuta-

tions of {iy,ia, -+ ,iq}. As any homogeneous quadratic function uniquely determines

12
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a symmetric matrix, a given d-th degree homogeneous polynomial function f(x) also
uniquely determines a super-symmetric tensor form. In particular, if we denote a d-th

degree homogeneous polynomial function

Function H f(x) := Z F! Ly Lig =+ Tiy,

i112-+1q

then its corresponding super-symmetric tensor form can be written as F' = (Fj j,...i;) €
R with Firigig = F 4y, /0 (i1, 42, -+ ,4g)|, where |TI(i1, 2, -+ ,iq)| is the number
of distinctive permutations of the indices {i1,42,- - ,iq}. This super-symmetric tensor
representation is indeed unique. Let F' be its corresponding multilinear form defined

by the super-symmetric tensor F', then we have f(x) = F(x,x,--- ,x). The letter ‘H’
————

d
here is used to emphasize that the polynomial function in question is homogeneous.

We shall also consider in this this the following mixed form

Function M f(z!', 2%, --- ,2°):=F(z', 2',--- ', 2% 2% - 22 - 2%«

a, ds de
where di +dy + ---+ds = d, ¥ € R™ for k = 1,2,...,s, d-th order tensor form
F € R”ldlxmd“'”x"sds; and the letter ‘M’ signifies the notion of mized polynomial
form. We may without loss of generality assume that F has partial symmetric property,

namely for any fixed (z2, 23, --- , &%), F(+,,- -, x?, 2z - &%, - ,x° 2%, - ,x%)is
———

di da ds
a super-symmetric di-th order tensor form, and so on.

Beyond the homogeneous polynomial functions described above, we also study
in this thesis the generic multivariate inhomogeneous polynomial function. An n-
dimensional d-th degree polynomial function can be explicitly written as a summation

of homogenous polynomial functions in decreasing degrees as follows

d
Function P p(x) := Z )+ fo= ZFk -, x) + fo,
k=1 k
where x € R", fy € R, and fi(x) = Fi(x,x, - ,x) is a homogenous polynomial func-
—_———

k
tion of degree k for k = 1,2,...,d; and letter ‘P’ signifies the notion of polynomial.
One natural way to deal with inhomogeneous polynomial function is through homoge-
nization; that is, we introduce a new variable, to be denoted by x in this thesis, which

is actually set to be 1, to yield a homogeneous form

d d
z) =Y ful@) + fo=Y_ fr@)an’F + forn? = f(@),
k=1 k=1
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where f(z) is an (n + 1)-dimensional d-th degree homogeneous polynomial function,
with variable & € R"*!. Throughout this thesis, the ‘bar’ notation over boldface lower-
case letters, e.g., &, is reserved for an (n+1)-dimensional vector, with the underlying let-
ter x referring to the vector of its first n components, and the subscript ‘A’ (the subscript
of ) referring to its last component. For instance, if & = (x1,29, -, Tn, Tni1)T €
R then x = (z1,22, -+ ,2,)" € R” and 2, = r,,41 € R.

Throughout we adhere to the notation F' for a multilinear form (Function T') defined
by a tensor form F, and f for a homogenous polynomial (Function H) or a mixed
homogeneous form (Function M), and p for a generic (inhomogeneous) polynomial
function (Function P). Without loss of generality we assume that ny < ng < --- < ny
in the tensor form F € R™M*"2X*X"d gnd ny < ng < --- < ng in the tensor form
F e R xma®xxns? o also assume at lease one component of the tensor form, F’

in Functions T, H, M, and Fy4 in Function P is nonzero to avoid triviality.

2.1.2 Constraint Sets

The most commonly used constraint sets for polynomial optimization problems are

studied in this thesis. Specifically, we consider the following types of constraint sets:

Constraint B {x e R"|z2=1,i=1,2,...,n} = B

Constraint B {az ER"|z2<1,i=1,2,... ,n} =: B™;

Constraint S {:c ER"||z| == (21 + z2 + - + an)% = 1} =: S"
Constraint S {z € R"|||z| < 1} =: S";

Constraint Q {m ER"|2TQx<1,i=1,2,... ,m} ;

Constraint G {x € R"|x € G}.

The notion ‘B’ signifies the binary variables or binary constraints, and ‘S’ signifies
the Euclidean spherical constraint, with ‘B’ (hypercube) and ‘S’ (the Euclidean ball)
signifying their convez hulls respectively. The norm notation ‘||« ||” in this thesis is the
2-norm (the Euclidean norm) unless otherwise specified, including those for vectors, ma-~
trices and tensors. In particular, the norm of the tensor F' = (Fj j,...;j,) € RM*72XXnd

is defined as

|l = \/ S Fono?

1<i1<ny,1<i2<n2, - ,1<ig<ngq
The notion ‘Q’ signifies the quadratic constraints, and we focus on convex quadratic

constraints in this thesis, or specifically the case of co-centered ellipsoids, i.e., @Q; = 0
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for i = 1,2,...,m and Y /", Q; = 0. A general convex compact set in R" is also
discussed in this thesis, which is denoted by the notion ‘G’. Constraints B, S, Q and G
are convex, while Constraints B and S are non-convex. It is obvious that Constraint G
is a generalization of Constraint Q, and Constraint Q is a generalization of Constraint

S and Constraint B as well.

2.1.3 Models and Organization

All the polynomial optimization models discussed in this thesis are maximization prob-
lems, and the results for most of their minimization counterparts can be similarly
derived. The names of all the models simply combine the names of the objective func-
tions described in Section 2.1.1, and the names of the constraint sets described in
Section 2.1.2, with the names of the constraints in the subscription. For examples,
model (Ts) is to maximize a multilinear tensor function (Function T) under the spher-
ical constraints (Constraint S), model (Mpg) is to maximize a mixed polynomial form
(Function M) under binary constraints (Constraint B), mixed with variables under

spherical constraints (Constraint S), etc.

In Chapter 3, we discuss the models for optimizing a multilinear form with quadratic
constraints, including (T’s) and (7). In Chapter 4, we discuss the models for optimizing
a homogeneous polynomial or a mixed form with quadratic constraints, including (Hg),
(Hg), (Mg) and (Mg). General polynomial optimization models including (Pg), (Pg)
and (Pg) are discussed in Chapter 5. Chapter 6 talk about binary integer programming
models, including (T5), (Hg), (Mp), and (Pg). Chapter 7 talk about mixed integer
programming models, including (Tps), (Hps) and (Mpg). All these models are listed

below for a quick reference.

Chapter 3:

(Ts) max F(x!, 22 -, z%
st. xFeS™ k=1,2,...,d;
(Tg) max F(z! 22, - x)
st (@N)TQFaF <1, k=1,2,....d, iy =1,2,...,my,

xF e R™, k=1,2,....d.
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Chapter 4:

(Hg) max f(x)

s.t. xeSY
(Hg) max f(a)
st. 2TQux<1,i=1,2,...,m,
x € R™;
(Mg) max f(x! z2,--- x°)

st. xFeS™ k=1,2,...,s;
(MQ) max f(mlawzv"' 7335)
st (@)TQEad <1, k=1,2,.. .5, i, =1,2,...,m,

xF e R™ k=1,2,...,s.

Chapter 5:
(Ps) max p(x)
st. xeS%
(Pp) max p(x)
st. 2TQx<1,i=1,2,...,m,
x € R";
(Pg) max p(x)
st. xed.
Chapter 6:
(Tg) max F(z!' x?--- x%)

st. xFeB™ k=1,2,...,d;
(Hp) max f(x)

s.t. xeB”;
(M) max f(x!' z2?,---, 2%

st. xFeB™ k=1,2,...,s;
(Pp) max p(x)

s.t. xeB".
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Chapter 7:

(TBS) max F(xlaxQ?"' 7wday17y27"-7y
st. xFeB™ k=1,2,...,d,
ylesSm, 1=1,2,...,d;
(Hps) max f(z,y)
s.t. «eB”,
y €S™;
(MBS) max f(a:l,:r2,~-- ,3387917927"' 7yt)
st. xFeB™ k=1,2,...,s,

yleSm™ 1=1,2,... ¢t

As before, we also assume that the tensor forms of the objective functions in (Hpg)
and (Mpg) to have partial symmetric property, m; < mg < --- < mg in (Tpg), and
mp <mg < - <my in (Mpg).

In each chapter mentioned above, we discuss the computational complexity of the
models concerned, and focus on polynomial-time approximation algorithms with worst-
case performance ratios, followed by discussions on their applications and/or numerical
performance of the algorithms proposed. All the numerical computations are conducted
using an Intel Pentium 4 CPU 2.80GHz computer with 2GB of RAM, and the support-
ing software Matlab 7.7.0 (R2008b). Let dy +da+---+ds =dand d} +d5+---+d; = d’
in the above mentioned models. The degrees of the objective polynomials in these mod-
els, d and d + d’, are understood as fixed constants in our subsequent discussions. We
are able to propose polynomial-time approximation algorithms for all these models,
and the approximation ratios depend only on the dimensions (including the number of
variables and the number of constraints) of the problems concerned.

The remaining sections in this chapter discuss some necessary preparations, for the
purpose of better understanding the main subjects in the thesis. The topics include
elementary introductions of tensor operations, approximation algorithms, randomized

algorithms, and semidefinite programming.

2.2 Tensor Operations

A tensor is a multidimensional array. More formally, a d-th order tensor is an element

of the tensor product of d vector spaces, each of which has its own coordinate system.
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Each entry of a d-th order tensor has d indices associated. A first order tensor is a
vector, a second order tensor is a matrix, and tensors of order three or higher are called
higher order tensors.

This section describe a few tensor operations commonly used in this thesis. For
a general review of other tensor operations, the reader is referred to [68]. The tensor
inner product is denoted by ‘e’, which is the summation of products of all corresponding

entries. For example, if F'!, F2 € R™*"2XXnd then

FleF?:= Z Filllé.‘.id . Fz’21i2-~id~
1<i1<ny,1<i2<n2, " ,1<ig<nq
As mentioned before, the norm of the tensor is then defined as || F|| := v/F o F. Notice
that the tensor inner product and tensor norm also apply to the vectors and the matrices
since they are lower order tensors.
The modes of a tensor are referred to its coordinate systems. For example, the

R2><2><3><2

following fourth order tensor G € , with its entries being

Gun=1, Guiz2=2, Gua=3, Guae=4 Gun=5 Gus =06,

Gionn =7, Gi212=28, G221 =9, Gia22 =10, Gra31 =11, Gia32 =12,
Goin1 =13, Gonz =14, Ga2121 =15, G122 =16, Ga131 = 17, Gaiz2 = 18,
Goonn =19, Gao12 =20, Gazon =21, Gaoar =22, Gz = 23, Gagso = 24,

has 4 modes, to be named mode 1, mode 2, mode 3 and mode 4. In case a tensor is
a matrix, it has only two modes, which we usually called them column and row. The
indices for an entry of a tensor are a sequence of integers, each one assigning from one
mode.

The first widely used tensor operation is tensor rewritten, which appears frequently
in this thesis. Namely, by combining a set of modes into one mode, a tensor can be
rewritten as a new tensor with a lower order. For example, by combining modes 3 and
4 together and put it into the last mode of the new tensor, tensor G' can be rewritten

as a third order tensor G’ € R?*2%6 with its entries being

! _ ! _ ! _ ! _ / _ / —

111 — 17 112 — 27 113 — 3’ 114 — 47 115 — 57 116 — 67

! _ !/ _ !/ _ / _ / — / —

121 — 77 122 — 87 123 — 97 124 — 107 125 — 117 126 — 127
b =13, Ghip =14, Glhz =15, Gh, =16, Ghyy =17, Ghys=18
211 — = 212 — & 213 — & 214 — ) 215 — ) 216 — )

/221 =19, G/222 =20, G/223 =21, /224 = 22, G/225 =23, G/226 =24.
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By combining modes 2, 3 and 4 together, tensor GG is then rewritten as a 2 x 12 matrix

1 2 3 4 5 6 7 8 9 10 11 12
13 14 15 16 17 18 19 20 21 22 23 24

and by combing all the modes together, tensor G becomes a 24-dimensional vector
(1,2,...,24)T, which is the same as vectorization of a tensor.

The other commonly used operation of tensor is modes switch, that is to switch the
positions of two modes. This is very much like the transpose of a matrix, switching the
positions of row and column. Accordingly, the modes switch will change the sequences
of indices for the entries of a tensor. For example, by switching mode 1 and mode 3 of

G, tensor G is then changed to G” € R3*2%2X2 with its entries defined by
;/jké = ij’if \V/],k,g = 1727 1= ]" 2’3

By default, among all the tensors discussed in this thesis, we assume their modes have
been switched (in fact reordered), so that their dimensions are in a non-decreasing
order.

Another widely used operation is multiplying a tensor by a vector. For example,
tensor G has its associated multilinear function G(z, y, z, w), where variables x, y, w €
R? and z € R3?. Four modes in G correspond to the four positions of variables in
)T

function G. For a given vector w = (w1, ws)", its multiplication with G in mode 4

makes G to be G € R?*2%3, whose entries are defined by

;,]/k = Gijklwl + Gijk2w2 V’L,] = 1> 27 k= 17 2> 3>
which is basically the inner product of the vectors w and Gijx. := (Gijk1, Giij)T. For

examples, if @ = (1,1)", then G” has entries

"o n o __ "o __ "o __ no__ "o __
111 — +» 112 — 5 113 — 117 121 — 157 G122 - 19’ G123 - 23’

/2/31 =27, G/2/12 =31, /2”13 =35, Glz”zl =39, G/2”22 =43, G/2”23 =47.

Its corresponding multilinear function is in fact G(x,y, z, W), with the underling vari-
ables x,y, z. Sometimes, we use G(+, -, -, w) more often to denote this new multilinear
function G(z,y, z, w).

This type of multiplication can extend to a tensor with a matrix, even with a tensor.

For example, if we multiply tensor G by a given matrix Z € R¥2 in modes 3 and 4,
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then we get a second order tensor (matrix) in R2*2, whose (i, j)-th entry is

3 2
Gi]’.. L] Z = Z Z GijkEZkZ V’L,j = 1, 2.
k=1 ¢=1
Its corresponding multilinear function is denoted by G(-, -, VA ). In general, if a d-th
order tensor multiply by a d’-th order tensor (d’ < d) in appropriate modes, then its
product is a (d — d')-th order tensor. In particular, if d = d’, then this multiplication

is simply the tensor inner product.

2.3 Approximation Algorithms

Approximation algorithms are algorithms designed to find approximate solutions to
optimization problems. In general, approximation algorithms are often associated with
NP-hard problems, since it is unlikely that there exist polynomial-time exact algorithms
for solving NP-hard problems, one then settles for polynomial-time sub-optimal solu-
tions. Approximation algorithms are also used for problems where exact polynomial-
time algorithms are possible but are too expensive to compute due to the size of the
problem. Usually, an approximation algorithm is associated with an approximation
ratio, which is a provable value measuring the quality of the solution found.

Approximation algorithms are widely used in combinatorial optimizations, typically
in various graph problems. Let us describe a well known example, the vertex cover
problem, to appreciate the notion of approximation algorithms. Given an undirected
graph G = (V| E), and a nonnegative cost associated with each vertex, find a minimum
cost of vertices to cover all the edges, i.e., a set V' C V such that every edge has at
least one endpoint incident at V.

The vertex cover problem is NP-hard (see e.g., [38]), even for the cardinality vertex
cover, which is the case that the cost associated with each vertex is 1. There is a very
simple algorithm for cardinality vertex cover problem. Pick any uncovered edge e € F,
select both of its two incident vertices, and then remove all the edges covered by these
two vertices; The process is continued until every edge is removed, and output all the
selected vertices. This process can be done in at most |E| numbers of steps, which
is polynomial-time of the input dimension max{|V|,|E|}. The algorithm may not get
an optimal cover, however we can show that the number of vertices selected by this

algorithm is at most twice as the optimal value of cardinality vertex cover. If fact,
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for any optimal cover, it must cover any edge picked (not removed) by the algorithm,
and thus must include one of its two incident vertices, then this optimal cover must
include half of the vertices selected by the algorithm. This is a typical approximation
algorithm with approximation ratio 2.

We shall now define formally the approximation algorithms and approximation ra-
tios. Throughout this thesis, for any maximization problem (P) defined as maxgzex p(x),
we use v(P) to denote its optimal value, and v(P) to denote the optimal value of its
minimization counterpart, i.e.,

v(P) = Iwnea%p(a:) and v(P):= :rcrélgp(m)

Definition 2.3.1 Approximation algorithm and approximation ratio:

1. A mazimization problem maxgzex p(x) admits a polynomial-time approzimation
algorithm with approximation ratio 7 € (0,1], if v(P) > 0 and a feasible solution

x € X can be found in polynomial-time such that p(x) > T v(P);

2. A minimization problem mingex p(x) admits a polynomial-time approximation
algorithm with approximation ratio u € [1,00), if v(P) > 0 and a feasible solution

& € X can be found in polynomial-time such that p(x) < pv(P).

It is easy to see that the larger the 7, the better the ratio for a maximization
problem, and the smaller the i, the better the ratio for a minimization problem. In short
the closer to one, the better the ratio. However, sometimes a problem may be very hard,
such that there is no polynomial-time approximation algorithm which approximates
the optimal value within any positive factor. A typical example of this type is also the
vertex cover problem, although its cardinality version has a very simple 2-approximation
algorithm. In those unfortunate cases, we have approximation algorithms with relative

approximation ratios.

Definition 2.3.2 Approximation algorithm and relative approximation ratio:

1. A mazimization problem maxgzex p(x) admits a polynomial-time approzimation
algorithm with relative approximation ratio T € (0, 1], if a feasible solution & € X
can be found in polynomial-time such that p(&) — v(P) > 7 (v(P) —v(P)), or
equivalently v(P) — p(&) < (1 — 1) (v(P) — v(P));
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2. A minimization problem mingex p(x) admits a polynomial-time approximation
algorithm with relative approzimation ratio p € [1,00), if a feasible solution & € X
can be found in polynomial-time such that v(P)—p(&) > (1/p) (v(P) — v(P)), or
equivalently p(&) — v(P) < (1— 1/4) (o(P) — u(P)).

Similar to the usual approximation ratio, the closer to one, the better the rela-
tive approximation ratios. For a maximization problem, if we know for sure that the
optimal value of its minimization counterpart is nonnegative, then trivially a relative
approximation ratio already implies a usual approximation ratio. This is not rare, as
many optimization problems always have nonnegative objective functions in real appli-
cations, e.g., various graph partition problems. Of course there are several other ways
in defining the approximation quality to measure the performance of the approximate

solutions (see e.g., [61, 11]).

We would like to point out that the approximation ratios defined are for the worst-
case scenarios, which might be hard or even impossible to find an example attaining
exactly the ratio in applying the algorithms. Thus it does not mean an approximation
algorithm with a better approximation ratio has better performance in practice than
that with a worse ratio. In reality, many approximation algorithms have their approx-
imation ratios far from one if they have one at all, which might approach zero when
the dimensions of the problems become large. Perhaps it is more appropriate to view
the approximation guarantee as a measure that forces us to explore deeper into the
structure of the problem and discover more powerful tools to explore this structure.
In addition, an algorithm with a theoretical assurance should be viewed as a useful
guidance that can be fine tuned to suit the type of instances arising from that specific

applications.

As mentioned in Section 2.1.3, all optimization models considered in this thesis are
maximization problems. Thus we reserve the Greek letter 7, specialized to indicate the
approximation ratio, which is a key ingredient throughout this thesis. All the approxi-
mation ratios presented in this thesis are in general not universal constants, and involve
problem dimensions and Q2. Here Q (f(n)) signifies that there are positive universal con-
stants o and ng such that Q (f(n)) > af(n) for all n > ng. As usual, O (f(n)) signifies
that there are positive universal constants a and ng such that O (f(n)) < af(n) for all

n > ng.
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2.4 Randomized Algorithms

A randomized algorithm is an algorithm which employs a degree of randomness as part
of its operation. The algorithm typically contains certain probability distribution as an
auxiliary input to guide its executions, in the hope of achieving good performance on
average, or with high probability to achieve good performance. Formally, the algorithm’s
performance will be a random variable, thus either the running time, or the output (or

both) are random variables.

Historically, the first randomized algorithm was a method developed by Rabin [104]
for the closest pair problem in computational geometry. The study of randomized algo-
rithms was spurred by the 1977 discovery of a randomized primality test (determining
the primality of a number) by Solovay and Strassen [111]. Soon afterwards Rabin [105]
demonstrated that the 1976 Miller’s primality test [83] can be turned into a randomized

algorithm. At that time, no practical deterministic algorithm for primality was known.

A well known application and commonly used algorithm in which randomness can
be useful is quicksort. Any deterministic version of this algorithm requires O(n?) time
to sort n different numbers (to be denoted by set S), e.g., the straightforward one:
(

comparing all the pairs requiring %_1) time. However, if we assume the given n
different numbers are in a sequence uniformly distributed on all the n! number of
distinctive sequences, then the quicksort algorithm sort this sequence in O(nlogn)
time. The algorithm chooses an element of S uniformly at random as a pivot, compares
the pivot with other elements and groups them into two sets S; (those bigger than the
pivot) and Sy (those smaller than the pivot), and then applies the same process to sort
S1 and Ss; This process is continued until a sort realizes.

To see why quicksort will cost O(nlogn) in average, let us without loss of generality
assume S = {1,2,...,n}. Denote x;; to be the indicator random variable whether
elements ¢ and j are compared or not during a quicksort. The total time of compares
is then

1<i<j<n 1<i<j<n

Next we compute E[xz;;], which is the probability that i and j are ever compared by a
quicksort. This happens if and only if either i or j is the first pivot selected by quicksort
from the set {i,i+1,...,7 — 1,7} (assume ¢ < j), and the probability is 2/(j —i — 1).
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Therefore, the average time of compares is

n

Z E[zi;] = Z L—Q(n—i—l) %—4n:0(nlogn).

1<i<j<n 1§i<j§nj —itl k=1
In fact, the expected time argument is based on the uniformly choosing the pivots,
although the worst-case time is also O(n?), when each time we are very unfortunate to
pick the largest element as the pivot.

There are also other successful stories that randomized algorithms help. For ex-
ample, the volume of a convex body can be estimated by a randomized algorithm to
arbitrary precision in polynomial-time [31], while no deterministic algorithm can do
the same [13].

In applying to NP-hard optimization problems, randomized algorithms are often
associated with approximation algorithms to prove performance ratios, in terms of
expectation, or with high probability. A simple example is a randomized approximation
algorithm with approximation ratio 0.5 for the maz-cut problem. Given an undirected
graph G = (V, E), and a nonnegative weight associated with each edge, find a partition
(cut) of V into two disjoint sets A and B, so that the total weight of all the edges
connecting one vertex in A and one vertex B is maximized. This is also one of the well
known NP-hard problems [38]. The simple algorithm is as follows. For each vertex,
independently toss a fair coin, and put it into A if head or B if tail. It is easy to see
that the probability of an edge connecting A and B are exactly 1/2. By the linearity
of expectation, the expected total weight of this cut is exactly half of the total weight
of all the edges, which is at least half of the maximum cut.

The current best approximation ratio of the max-cut problem is 0.878, another
celebrated result of randomized algorithm due to Goemans and Williamson [40], which
we shall elaborate in Section 2.5.

We conclude this section by defining polynomial-time randomized approximation
algorithms, like Definition 2.3.1 and Definition 2.3.2. We are not going to elaborate all

of their randomized versions, rather a typical one. The others can be similar described.

Definition 2.4.1 A mazximization problem max,cx p(x) admits a polynomial-time ran-
domized approximation algorithm with approzimation ratio T € (0,1], if v(P) > 0 and

one of the following two facts holds:

1. A feasible solution & € X can be found in polynomial-time, such that E[p(x)] >
Tu(P);
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2. A feasible solution & € X can be found in polynomial-time, such that p(&) >
T v(P) with probability at least 1 — € for all € € (0,1).

2.5 Semidefinite Programming

Semidefinite programming (SDP) is a subfield of convex optimization concerned with
the optimization of a linear objective function over the intersection of the cone of
positive semidefinite matrices and an affine space. It can be viewed as an extension of
the well known linear programming problem, where the vector of variables is replaced
by a symmetric matrix, and the cone of nonnegative orthant is replaced by the cone of
positive semidefinite matrices. It is a special case of the so-called conic programming
problems (specialized to the cone of positive semidefinite matrices).

The standard formulation of an SDP problem is

(PSP) sup CeX
st. A, e X =b,1=1,2,...,m,
X =0,
where the data C and A; (i = 1,2,...,m) are symmetric matrices, b; (i = 1,2,...,m)
are scalars, the dot product ‘e’ is the usual matrix inner product introduced in Sec-

tion 2.2, and ‘X > (0’ means matrix X is positive semidefinite.
The dual problem of (PSP) is
(DSP) inf by
st Y yiAi+Z =C,
Z = 0.
A solution for an SDP problem is called strictly feasible if its feasible region has
nonempty interior, which is also called Slater condition. We are now providing the

strong duality theorem of SDP, for its proof one is refereed to Vandenberghe and Boy-
d [116] and Helmberg [51].

Theorem 2.5.1 The followings hold for (PSP) and (DSP):

1. If (DSP) is strictly feasible, then v(PSP) = v(DSP). If in addition (DSP) is
bounded above, then this optimal value is obtained by a feasible X* of (PSP);

2. If (PSP) is strictly feasible, then v(PSP) = v(DSP). If in addition (PSP) is
bounded below, then this optimal value is obtained by a feasible (Z*,y*) of (DSP);
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3. Suppose one of (PSP) and (DSP) is strictly feasible and has bounded optimal
value, then feasible X of (PSP) and feasible (Z,y) of (DSP) is a pair of optimal

solutions to its respective problems, if and only if C @ X =b'y or X ¢ Z = 0;

4. If both (PSP) and (DSP) are strictly feasible, then v(PSP) = v(DSP) and this
optimal value is obtained by feasible X* of (PSP) and (Z*,y*) of (DSP).

For convenience, an SDP problem may often be specified in a slightly different, but
equivalent form. For example, linear expressions involving nonnegative scalar variables
may be added to the program specification. This remains an SDP because each variable
can be incorporated into the matrix X as a diagonal entry (X;; for some 7). To ensure
that X;; > 0, constraints X;; = 0 can be added for all ¢ # j. As another example,
note that for any n x n positive semidefinite matrix X, there exists a set of vectors
{vl,v% .-+ v"} such that X;; = (v%)To’ for all 1 < i,j < n. Therefore, SDP problems
are often formulated in terms of linear expressions on scalar products of vectors. Given

the solution for the SDP in the standard form, the vectors {v!,v?

-+, 0"} can be
recovered in O(n?) time, e.g., using the Cholesky decomposition of X.

There are several types of algorithms for solving SDP problems. These algorithms
output the solutions up to an additive error ¢ in a time that is polynomial in the
problem dimensions and In(1/¢). Interior point methods are the most popular and
widely use one. A lot of efficient SDP solvers based on interior point methods have
been developed, including SeDuMi of Sturm [112], SDPT3 of Toh et al. [115], SDPA of
Fujisawa et al. [37], CSDP of Borchers [19], DSDP of Benson and Ye [17], and so on.

SDP is of growing interest for several reasons. Many practical problems in opera-
tions research and combinatorial optimization can be modeled or approximated as SDP
problems. In automatic control theory, SDP is used in the context of linear matrix in-
equalities. All linear programming problems can be expressed as SDP problems, and
via hierarchies of SDP problems the solutions of polynomial optimization problems can
be approximated. Besides, SDP has been used in the design of optimal experiments
and it can aid in the design of quantum computing circuits.

SDP has a wide range of practical applications. One of its significant applications
is in its role to design approximate solutions to combinatorial optimization problem-
s, starting from the seminal work by Goemans and Williamson [40], who essentially

proposed a polynomial-time randomized approximation algorithm with approximation
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ratio 0.878 for the max-cut problem. The algorithm uses SDP relaxation and random-
ization techniques, whose ideas have been revised and generalized in solving various
quadratic programming problems [88, 118, 119, 87, 120, 24, 5, 121, 75, 50] and even
quartic polynomial optimizations [77, 73]. We now elaborates the max-cut algorithm
of Goemans and Williamson.

As described in Section 2.4, the max-cut problem is to find a partition of an undi-
rected graph G = (V, E) with nonnegative weights on edges, into two disjoint sets, so
that the total weight of all the edges connecting these two sets is maximized. Denote
{1,2,...,n} to be the set of vertices. Let w;; > 0 be the weight of edge connecting
vertices 7 and j for all i # j, and let it be 0 if there is no edge between i and j, or
i=j. If welet z; (i =1,2,...,n) be the binary variable denoting whether it is in the
first set (z; = 1) or the second set (z; = —1), then max-cut is the following quadratic

integer programming problem

(MC) max 31 jcnwij(1 — zi;) /4
st. me{l,—-1},i=1,2,...,n.
The problem is NP-hard (see e.g., Garey and Johnson [38]). Now by introducing a
matrix X with Xj; replacing x;x;, the constraint is then equivalent to diag(X) =
e, X = 0, rank (X) = 1. A straightforward SDP relaxation is dropping the rank-one

constraint, which yields

(SMC) max i< o, wii(1— Xi5)/4
s.t. diag(X)=e, X > 0.
The algorithm first solves (SMC) to get an optimal solution X*, then randomly gen-

erates an n-dimensional vector following a zero-mean multivariate normal distribution
5 ~N (0n7 X *)7

and lets #; = sign (§;) for ¢ = 1,2,...,n. Note that generating a zero-mean normal
random vector with co-variance matrix X™* can be done by multiplying (X *)% with a
vector whose components are generating from n i.i.d. standard normal random vari-
ables. Besides, the sign function takes 1 for nonnegative numbers and —1 for negative
numbers. Although the output cut (solution &) may not be optimal, and is random

either. It can be shown that

2
E[#;2;] = - arcsin XZ-*]- V1<i,j<n,
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which further leads to

wii (1 — #3;)
E| > % > 0.878 v(SMC) > 0.878 v(MC).
1<i,j<n

This yields a 0.878-approximation ratio for the max-cut problem. The ratio significantly
improves the previous best known one, which is 0.5 introduced in Section 2.4.

We concludes this section as well as this chapter, by introducing another exam-
ple of SDP relaxation and randomization technique for solving quadratic constrained

quadratic programming (QCQP) in Nemirovski et al. [87]. The problem is

(QP) max z'Fx
st. 2TQx<1,i=1,2,...,m,

x € R",

where @Q; = 0 for i = 1,2,...,m and ) ", Q; > 0. Remark this is exact the model
(Hg) when d = 2, whose algorithm will be used in this thesis. By using the same
method with X;; to replace x;x;, and drop the rank-one constraint, we shall have the

standard SDP relaxation for (QP)

(SQP) max FeX
st. Qe X <1,i=12...,m,
X = 0.

A polynomial-time randomized approximation algorithm runs in as follows:
1. Solve (SQP) to get an optimal solution X*;
2. Randomly generate a vector & ~ N(0,, X*);
3. Compute t = maxi<i<m \/éTQif and output the solution & = &/t.

A probability analysis can prove that
T Fa& > Q(1/logm)v(SQP) > Q(1/logm)v(QP)

holds with probability bigger than a constant. Thus running this algorithms O (log(1/¢))
times and pick the best solution, which shall hit the approximation bound of €2 (1/log m)
with probability at least 1 —e. For details, one is referred to Nemirovski et al. [87] and

He et al. [50].



Chapter 3

Multilinear Form Optimization

with Quadratic Constraints

3.1 Introduction

The first subclass of polynomial optimization problems studied in this thesis are the
following multilinear tensor function optimizations over quadratic constraints. Specifi-

cally, the models include maximizing a multilinear form under spherical constraints

(Ts) max F(xbx? -, x9)

st. xFeS™ k=1,2...,d,

and maximizing a multilinear form over co-centered ellipsoidal constraints

(Tg) max F(ml,wQ,--- ,:nd)
s.t. (mk)Tkamk <1, k=1,2,...,d,1,=1,2,...,my,

xF e R™ k=1,2....d,

where Qf = 0and Y7, QF = 0for k=1,2,...,d, i = 1,2,...,my.
It is easy to see that the optimal value of (T's), denoted by v(Tys), is positive by the

assumption that F' is not a zero tensor. Moreover, (Ts) is equivalent to

max F(z!' z2,--- %)

st. xFeS» k=1,2,...,d

This is because we can always scale the decision variables such that ||«*| = 1 for all

1 <k < d without decreasing the objective. Thus (T) is a special case of (Tp).

29
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Homogeneous polynomial functions play an important role in approximation theo-
ry. In a certain well-defined sense, homogeneous polynomials are fairly dense among
all the continuous functions (see e.g., [117, 69]). Multilinear form is a special class of
homogeneous polynomials. In fact, one of the main reasons for us to study multilinear
form optimizations is its strong connection to homogenous polynomial optimizations in
deriving approximation bounds, whose details will be discussed in Chapter 4. This con-
nection creates a new approach to handle polynomial optimization problems, and the
fundamental issue is optimization of a multilinear tensor form. Chen et al. [25] establish
the tightness result of multilinear form relaxation for maximizing a homogeneous poly-
nomial over spherical constraint. The study of multilinear form optimizations becomes
much important.

Low degree cases of (T's) can be often encountered: When d = 1, its optimal solution
is F'/||F|| due to the Cauchy-Schwartz inequality; When d = 2, (Ts) is to compute the
spectrum norm of the matrix F' with efficient algorithms readily available. As we shall
prove later that (Ts) is already NP-hard when d = 3, the focus of this chapter is to
design polynomial-time approximation algorithms with worst-case performance ratios
for any fixed degree d. The novel idea to handle high degree multilinear form is to
reduce the its degree, which leads to a relaxed multilinear form optimization in a lower
degree case. As any matrix can be treated as a long vector, any higher order tensor can
also be rewritten as a tensor with its order deduced by one (see the tensor operation
in Section 2.2), and thus rewritten its corresponding multilinear form with its degree
deduced by one. After we solve the problem with a lower degree, we need decompose
the solution to make it feasible for the higher degree case. Thus specific decomposition
methods are required, which are the main contributions in this chapter.

For the model (Tp): When d = 1, it can be formulated to a second order cone
program (SOCP), which can be solved in polynomial-time (see e.g., [20, 86]); When d =
2, it can be formulated to a quadratically constrained quadratic programming problem
discussed in Section 2.5, and known to be NP-hard in general. Nemirovski et al. [87]
proposed a polynomial-time randomized approximation algorithm with approximation
ratio §2(1/logm) based on SDP relaxation and randomization, and this algorithm
serves as a basis in analyzing our algorithms and approximation ratios.

We discuss approximation algorithms of (Ts) in Section 3.2, followed by that of

(Tg) in Section 3.3. Some application examples of the models concerned are discussed
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in Section 3.4. Finally, numerical performance of the proposed algorithms are reported

in Section 3.5.

3.2 Multilinear Form with Spherical Constraints

Let us first consider the following optimization model

(T's) max F(a:l,a:Z,--~,:1:d)

st. xFeS™ k=1,2,....d,

where ny < ng < -+ < mg. A special case of (Ts) is worth noting, which plays an

important role in our algorithms.

Proposition 3.2.1 Ifd =2, then (Ts) can be solved in polynomial-time, with v(Ts) >
| F[|/y/ni-

Proof. The problem is essentially maxgzecgsm yesne xT Fy. For any fixed y, the corre-

sponding optimal  must be Fy/|Fy| due to the Cauchy-Schwartz inequality, and

Fy T
TPy = (F> Fy=|Fy| = \/y"F"Fy.
TFyl

Thus the problem is equivalent to maxycsns yTFTFy, whose solution is the largest

accordingly,

cigenvalue and a corresponding eigenvector of the positive semidefinite matrix FTF.
We then have
Amax(FTF) > tr (FTF) /rank (F'F) > || F|*/n1,

which implies v(Ts) = \/ Amax(F T F) > || F||/\/n1. O

However, for any degree d > 3, (T's) becomes NP-hard.
Proposition 3.2.2 If d = 3, then (Tg) is NP-hard.
Proof. We first quote a result of Nesterov [90], which states that

max Y o (zT Apx)?

st. xeS"

is NP-hard. Now in a special case d = 3, ny = ngy = ng =n and F € R™ satisfies
Fiji, = Fjii, for all 1 <4, 4,k < n, the objective function of (Ts) can be written as

n n

n n
F(z,y,2)= Y Fgwyze= Y 2 | > Forwiyy | =Y al(a’ Ary),

i,5,k=1 k=1 ij=1 k=1
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where symmetric matrix A, € R™ " with its (4, j)-th entry being Fj;, for all 1 <

i,j,k < n. By the Cauchy-Schwartz inequality, (Ts) is equivalent to

max Yoy (z' Apy)?

s.t. xyeS.
We need only to show that the optimal value of the above problem is always attainable
at = y. To see why, denote (&, ¢¥) to be any optimal solution pair, with optimal value
v*. If & = +g, then the claim is true; otherwise, we may suppose that & + ¢ # 0. Let

us denote w := (Z+9)/||€ + y||. Since (&,y) must be a KKT point, there exist (A, )

such that .
> T Ay Ay = Ad
k=1
n
> @ Ay Ay = pg.
k=1

Pre-multiplying &1 to the first equation and §7 to the second equation yield A = p =
v*. Summing up the two equations, pre-multiplying @", and then scaling, lead us to
n
> @t Ay w" Ago = v,
k=1

By applying the Cauchy-Schwartz inequality to the above equality, we have

v < (Z(akTAk@)2> (Z(wTAm?) = Vu* (Z(wTAW) :

k=1 k=1 k=1

which implies that (w,w) is also an optimal solution. The problem is then reduced to

Nesterov’s quartic model, and its NP-hardness thus follows. O

In the remainder of this section, we focus on approximation algorithms for (Ts) for
general degree d. To illustrate the main idea of the algorithms, let us first work with

the case d = 3, i.e.,

(Ts) max F(z,y,z)= Z1§i§n1,1§j§n2,1§k§n3 Fijrxiyjzi

st. xeSM yeS™? ze 8,
Denote W = zyT, and we have
WP =tr (WWT) =tr(zy'yz"') = tr(z'zy'y) = ||lz]?|y]* = 1.
Model (Ts) can now be relaxed to

max F(W,z)= Z1gign1,1§jgn2,1gk§n3 FijeWijz

st. W eSuxne 5§,
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Notice that the above problem is exactly (Ts) with d = 2, which can be solved in
polynomial-time by Proposition 3.2.1. Denote its optimal solution to be (W, 2). Clear-
ly F(W,%) > v(Ts). The key step is to recover solution (&,4) from the matrix W.
Below we are going to introduce two basic decomposition routines: one is based on
randomization and the other on eigen-decomposition. They play a fundamental role in
our proposed algorithms; all solution methods to be developed later rely on these two

routines as a basis.

Decomposition Routine 3.2.1

e INPUT: matrices M € R™"*"2 W ¢ §™*n2,

1 Construct

2 Randomly generate
§
n
and repeat if necessary, until €* Mn > M ¢ W and ||€]||[n]| < O(,/n7).

~ N(Oernzv W)

3 Compute x = £/||&]| and y =n/||n|-

e QUTPUT: vectors @ € S™ | y € S"2.

Now, let M = F(-,+,2) and W = W in applying the above decomposition routine.

For the randomly generated (&,m), we have
E[F(€,m,2)] = E[§"Mn] = M « W = F(W, 2).

He et al. [50] establish that if f(x) is a homogeneous quadratic form and x is drawn
from a zero-mean multivariate normal distribution, then there is a universal constant
6 > 0.03 such that

Prob {f(x) > Elf(z)]} > 0.

Since €T M is a homogeneous quadratic form of the normal random vector (f’), we
know

Prob{¢"Mmn > M e W} = Prob{F(£,n,2) > E[F(¢,m,2)]} > 6.
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Moreover, by using a property of normal random vectors (see Lemma 3.1 of [77]), we
have

nip n2 nip n2

BN ml?] =B | 336" | = 323 (BIE*El"] + 2(Blem,))°)
=1 j=1 i=1 j=1
= i i (W35 + 20357 = (1 +2) tr (W W) =y + 2
i=1 j=1

By applying the Markov inequality, for any ¢t > 0

Prob {[[¢]*[ln]I* > ¢} < E[II€1*[n]*] /t = (n1+2)/t.

Therefore, by the so-called union inequality for the probability of joint events, we have

Prob {F(¢,m,2) > F(W.2), [[€]*n]> < ¢}
> 1— Prob {F(g,n,fz) < F(W, 2)} — Prob {[|¢[]*n]® > t}

> 1-(1-0)—(m +2)/t=10/2,

where we let ¢t = 2(n; + 2)/6. Thus we have

. F(W,2) . 0
F(xz,y,2) > i > U(Ts)m7

obtaining an Q(1/,/n1)-approximation ratio.

Below we present an alternative (and deterministic) decomposition routine.

Decomposition Routine 3.2.2

e INPUT: a matrix M € R™1*"2,
1 Find an eigenvector § corresponding to the largest eigenvalue of MTM .
2 Compute x = My/| Myl and y =9/||yl-

e OUTPUT: vectors x € S™, y € S™2.

This decomposition routine literally follows the proof of Proposition 3.2.1, which

tells us that €T My > | M||/\/n1. Thus we have

Flx,y,2) =M >H7: max > = > .
( y ) v= ni ZeSrixnz  /n1 T /Ny /M1 o/
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The complexity for DR 3.2.1 is O (nin2log(1/€)) with probability 1 — €, and for
DR 3.2.21itis O (max{n13, nlng}). However DR 3.2.2 is indeed very easy to implement,
and is deterministic. Both DR 3.2.1 and DR 3.2.2 lead to the following approximation

result in terms of the order of the approximation ratio.

Theorem 3.2.3 Ifd = 3, then (Ts) admits a polynomial-time approzimation algorithm

with approzimation ratio 1/\/ny.

Now we proceed to the case for general d. Let X = x!'(x?)T, and (Ts) can be

relaxed to
(TS) max F(Xv wza $3, e 7xd71)

st. XeSmwma gheSmw k=23,....d—1.

Clearly it is a type of the model (Ts) with degree d — 1. Suppose (Ts) can be
solved approximately in polynomial-time with approximation ratio 7, i.e., we find

(X, &2, &%, &%) with

F(X,&2,&, -, &7 ") > ro(Ts) > mu(Tys).

Observing that F(.’;%Q’i.?)’ . 7Zizd71’ )

find (2!, &%) such that

is an ny X ng matrix, using DR 3.2.2 we shall

F&' 22, &% > F(X,22,2°, -, 2% Y y/n1 > ni 2ru(Ts).
By induction this leads to the following;:

Theorem 3.2.4 (Ts) admits a polynomial-time approximation algorithm with approz-

imation ratio T(Ts), where

Below we summarize the above recursive procedure to solve (Ts) as in Theorem 3.2.4.

Remark that the approximation performance ratio of this algorithm is tight. In a

special example F(z!, 22 --- ,29) = Y "  2la? .. 22 the algorithm can be made to

return a solution with approximation ratio being exactly 7(7s).

Algorithm 3.2.3

e INPUT: a d-th order tensor F € R™M>"2X XN yyjth nq < ng < --- < ngy.
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1 Rewrite F as a (d — 1)-th order tensor F' € R"2X"sX " XNa-1X1an1 phy combing its

first and last modes into one, and placing it in the last mode of F', i.e.,

Fil,iz,n- :F/ V]-Szlgnlvlg,LQSnQa)1§/Ld§nd

st 12,03, id—1,(11—1)ng+iq

2 For (Ts) with the (d — 1)-th order tensor F': if d — 1 = 2, then apply DR 3.2.2,

with input F' = M and output (&2, 2"%) = (x,y); otherwise obtain a solution

(&%, a3, - 2071 @b by recursion.
. r_ ~2 3 ~d—1 , < 1.d
3 Compute a matrix M' = F(-,&°,&°,--- , 2% *,-) and rewrite the vector £ % as

a matriz X € S"xnd,

4 Apply either DR 3.2.1 or DR 5.2.2, with input (M', X) = (M,W) and output

(@' &%) = (z,y).

e OUTPUT: a feasible solution (&', %2, - - ).

3.3 Multilinear Form with Ellipsoidal Constraints

In this section, we consider a generalization of the optimization model discussed in

Section 3.2, to include general ellipsoidal constraints. Specifically, the model is

(TQ) max F(mlan,"' 7md)
st (@)TQEad <1, k=1,2,....d, ir=1,2,...,my,

F e R™, k=1,2,...,d,

where ka =0 and > " fk =0fork=1,2,...,d,i,=1,2,...,my.

ip=1

Let us start with the case d = 2, and suppose F(x!,z?) = (x!)TFz2. Denote

1 0 F Q. o
£ .
Yy = 5 | F = n1xni 2 . Q, = { n1xXn2 forall 1 < i< my,
T EL 9o 0 0
2 mna2 Xng na2Xni n2 Xng

0n1 Xni OTL1 Xng

and Q; = for all m; +1 <@ < my +my. Then (Ty) is equivalent
Ong XNy sz—ml
to

max y'F'y
s.t. yTQiygl,i:I,Z...,ml—i—mg,
y € Rmitnz,
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This QCQP problem is discussed in Section 2.5, and is well known to be solved ap-
proximately by a polynomial-time randomized algorithm with approximation ratio
Q (W) (see e.g., Nemirovski et al. [87] and He et al. [50]).

We now proceed to the higher order cases. To illustrate the essential ideas, we shall
focus on the case d = 3. The extension to any higher order can be done by induction.

In case d = 3 we may explicitly write (Tg) as:

(Tg) max F(z,y,z)
st. 2TQx<1,i=1,2,...,my,
yIPjy<1,j=1,2,...,ma,
2TRz<1,k=1,2,...,ms,
zeRM yeR"™ zcR",
where Q; = Oforall1 <7 <my, P; =0foralll <j <mo, R, =0foralll <k <mg,
and >3 Q; = 0, 3702 Py 0, 333 Ry = 0.

Combining the constraints of & and y, we have
tr(Qzy' Pjyx') =tr(z' Qay ' Pjy) ="' Qz -y Pjy < 1.
Denoting W = xy™, (Tg) can be relaxed to

(Tg) max F(W,z)
st tr( QWP,WT) <1,i=1,2,...,m1,j=1,2,...,ma,
2TRz<1,k=1,2,...,ma,

W e RM*Xn2 » ¢ R™3,

Observe that for any W € R™1*"2

2
>0

I

w(QWPWT) =t (QEWPAPAWTQ) = |QiwP;:

and that for any W £ 0,

mi m2
> tr (Q;WP,WT) = tr <ZQ1>W Y Py |wT
1<i<m1,1<5<mo i=1 j=1

1 3

<ZIQ1>2W ZQPJ' > 0.
i=1 j=1

Indeed, it is easy to verify that tr (Q,WP;W™) = (vec(W))T(Q;® P;)vec(W), which

implies that tr (QiWPjWT) < 1 is actually a convex quadratic constraint for W.
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Thus, (Tg) is exactly in the form of (Tg) with d = 2. Therefore we are able to find a

feasible solution (W, 2) of (Tg) in polynomial-time, such that

) o 20 (et G

log(mimg + ms3 logm

ﬂﬁc@zﬂ(

where m = max{my, ma, mg}. Let us fix 2, and then F(-,-, 2) is a matrix. Our next
step is to generate (&,y) from W. For this purpose, we first introduce the following

lemma.

Lemma 3.3.1 Suppose Q; € R™", Q,; = 0 for all1 <i <m, and Y ;> Q; > 0, the
following SDP problem
(PS) min > "t
st. tr(UQ;) <1,i=1,2,...,m,
t>0,i=1,2,...,m,
U I,un
Inxn 30001 tiQ;

has an optimal solution with optimal value equal to n.

=0

Proof. Straightforward computation shows that the dual of (PS) is
(DS) max —3) " s —2tr(2Z)
st tr(XQ;) <1l,i=12,...,m,
$; >0, =1,2,....m,
X Z
z' >im 5iQ;
Observe that (DS) indeed resembles (PS). Since Y ., Q; > 0, both (PS) and (DS)

> 0.

satisfy the Slater condition, and thus both of them have attainable optimal solutions
satisfying the strong duality relationship, i.e., v(PS) = v(DS). Let (U*,t*) be an
optimal solution of (PS). Clearly U* > 0, and by the Schur complement relationship
we have > t:Q; = (U*)~!. Therefore,

m m

v(PS) =) =) ttr(UQ,) > tr (U*(U") ™) =n. (3.2)

i=1 i=1
Observe that for any dual feasible solution (X, Z,s) we always have —> " s; <
—tr (X > siQ;). Hence the following problem is a relaxation of (DS)

(RS) max —tr(XY)—2tr(2)
X Z

s.t. > 0.
VAN
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Consider any feasible solution (X,Y, Z) of (RS). Let X = PTDP be an orthonor-
mal decomposition with D = Diag(dy,ds,--- ,d,) and P! = PT. Notice that
(D,Y',Z") .= (PXPT,PYPT PZP7") is also a feasible solution for (RS) with
the same objective value. By the feasibility, it follows that d;Y}; — (Z},)*> > 0 for

1=1,2,...,n. Therefore,

—tr (XY) —2tr (Z) = —tr (DY') — 2tr (Z Z d;Y} —2 zn: Z!
< - Z Z < ZZ’+1 +n<n.
=1

This implies that v(DS) < v(RS) < n. By combining this with (3.2), and noticing the
strong duality relationship, it follows that v(PS) = v(DS) = n. O

We then have the following decomposition method, to be called DR 3.3.1, as a
further extension of DR 3.2.1. It plays a similar role in Algorithm 3.3.2 as DR 3.2.1 or
DR 3.2.2 does in Algorithm 3.2.3.

Decomposition Routine 3.3.1

e INPUT: matrices Q; € R™*™, Q; = 0 for all 1 < i < my with Y 7", Q; = 0,
P; e R™2*"2 P, =0 for all 1 < j < mg with Z L Pj =0, W e R"*"2 qith
tr (QWP;WT) <1 foralll <i<m and1<j<my, and M € RM*".

1 Solve the SDP problem

min » " ¢
st. tr(UQ;) <1,i=1,2,...,mq,
t:>0,i=1,2,...,mi,
U I,xn

>0
In><n 2;111 tiQi
to get an optimal solution of a matrix U and scalars t1,ta, -+ ,tm, -
2 Construct
- U w
W = =0

W WL Q)W
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3 Randomly generate

E ~ N(0n1+n27 W)

n

and repeat if necessary, until ETMn > M e W, £€1Q,¢& < O (logmy) for all

1<i<my, and nTPjn < O (n1logms) for all 1 < j < my.

4 Compute x = 5/\/maxlgi§ml{£TQi£} and y = n/\/maxlgjgmg {nTP;n}.

e OUTPUT: vectors x € R™ |, y € R"2.

The computational complexity of DR 3.3.1 depends on the algorithm for solving
the SDP problem (PS), which has O(n;?) number of variables and O(m1) number of
constraints. In addition it requires O (n2(nimq + nams)log(1/€)) other operations to

get the quality assured solution with probability 1 — e.

Lemma 3.3.2 Under the input of DR 3.53.1, we can find x € R™ and y € R™ by a
polynomial-time randomized algorithm, satisfying ¥ Q,x < 1 for all 1 < i < my and
yTPjy <1 for all 1 < j < mg, such that

1

v1og my log ma

1

T

My > —0
Y =Tn (

)M.W.

Proof. Following the randomization procedure in Step 3 of DR 3.3.1, by Lemma 3.3.1

we have for any 1 <7 <mj and 1 < 5 < mag,

E[¢TQ¢] =tr (Q,U) <1,
Eln" Pjm] = tr (PjWT (ZI: tiQi) W) = Zl:ti tr (P;WIQW) < iti = ny.
=1

i=1 i=1
So et al. [109] have established that if £ is a normal random vector and @ > 0, then

for any o > 0,

Prob{£7Q¢ > aE[¢TQE} < 2¢ 2.

Applying this result we have

Prob {ETQzE > a1} < Prob {ETQZE > alE[ETQiE]} < 267‘1717

&2

Prob {nTPjn > agng } < Prob {nTPjn > agE[nTPjn]} < 2”7,
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Moreover, E[€TMn] = M ¢ W. Now let & = £/,/ay and § = n/,/azn;, and we have
MeW
A/ 121

mi ma2
>1—Prob{TMn< MeW} — ZProb {(6TQ.€ >y} — ZProb {(n"P;n >asn;}
i=1 j=1

>1—(1—0)—my -2 2 —my 2" % =0/2,

Prob {:i:TMgz ,:%TQZ-:ES1V1§i§m1,@TPj@§1V1§j§mg}

where a := 2In(8m;/0) and ag := 2In(8my /). Since ajas = O(logmilogms), the
desired (&, y) can be found with high probability in multiple trials. O

Let us now turn back to (Tg). If we let W = W and M = F(-,-, 2) in applying
Lemma 3.3.2, then in polynomial-time we can find (&, 9), satisfying the constraints of

(TQ), such that

1 1 . 1 1 .
F(&,9,2) =& My > Q MeW > —Q F(W,2).
@92 =2 v= N <\/10gm1 logm2> = NG <logm> (W, %)

Combined with (3.1), we thus prove the following result.

Theorem 3.3.3 Ifd = 3, then (Tg) admits a polynomial-time randomized approxima-
tion algorithm with approrimation ratio \/% Q ( L ), where m = max{my, mao, m3}.

logZm

This result can be generalized to the model (Tg) of any fixed degree d.

Theorem 3.3.4 (Tg) admits a polynomial-time randomized approximation algorithm

with approxzimation ratio 7(Tq), where

T(Tg) = (dlzf nk> Q <log_(d_1) m) ,
k=1

and m = maxj<p<a{mg}.

NI

Proof. We again take recursive steps. Denoting W = z!(x?)T and (Ty) is relaxed to

(TQ) max F(W,$2,$3,"- 7md_1)
st tr(QLWQIWT) <1, iy =1,2,...,my, ig=1,2,...,my,
@M)TQEad <1, k=23,...,d—1,i,=1,2,...,my,
W e Rm>X gk c Rk =23,...,d—1.

Notice that (Tg) is exactly in the form of (Tg) of degree d — 1, by treating W as a

vector of dimension ning. By recursion, with high probability we can find a feasible
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solution (W, &2, a3, ,ﬁ:d_l) of (TQ) in polynomial-time, such that

d—2
F(W,ﬁ:Q,ﬁs?’, e ,ﬁsd_l) > ( nk> Q (log*(dﬁ) max{m,mlmd}> U(TQ)

n og @2 m) v .
() oo

Aslong as we fix (&2, &3, , &%), andlet M = F(-, &%, &, , 2% 1, )and W = W
in applying Lemma 3.3.2, we are be able to find (@1, :i:d) satisfying the constraints of

To), such that
Q

1 1 N
P& &, > =9 < > FW, 2% 4%, - 2% 1) > r(Tg) v(To).

0

Summarizing, the recursive procedure for solving general (T(y) (Theorem 3.3.4) is

highlighted as follows:

Algorithm 3.3.2

e INPUT: a d-th order tensor F' € R™M>"2X"XNd yith ny < ng < --- < ng, matrices

PeRMWM QF =0 and Y1 QF =0 for all 1 <k <d and 1 <ij < my.

1 Rewrite F as a (d — 1)-th order tensor F' € R"2X13X " XNd—1XMan1 phy combing its

first and last modes into one, and placing it in the last mode of F', i.e.,

o . . .
Fivigia = Fig iy ig 1 (i—1)ngtiq 71 <t <np, 1 <idg <ng,--- 1 <dg < ng.

2 Compute matrices P;, ;, = }1 ® Q?d foralll1 <i1 <mq and 1 < iz <my.

3 For (Tg) with the (d — 1)-th order tensor F', matrices ka 2<k<d-1,1<
ir <myg) and Py 5, (1 < i1 <mq,1 <ig <mg): ifd—1=2, then apply SDP

relazation and randomization procedure (Nemirovski et al. [87]) to obtain an ap-

prozimate solution (&2, &1%); otherwise obtain a solution (&2,&°,--- &% 1, &b?)
by recursion.
4 Compute a matrizc M' = F(-, &2, &%,--- &%) and rewrite the vector &% as

a matriz X € R™M*Xnd,
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5 Apply DR 3.3.1 with input (Q}, Q?,X,M’) =(Q;, P;, W, M) foralll <i<my

and 1 < j < my and output (&', &%) = (z,y).

e OUTPUT: a feasible solution (&',&?,--- ,:i:d).

3.4 Applications

As we mentioned in the beginning of this chapter, one of the main reasons to study
multilinear form optimizations is its strong connection to homogenous polynomial opti-
mizations in deriving approximation bounds, which will be discussed in the next chap-
ter. Apart from that, these models also have versatile applications. Here we present two
problems in this section and show that they are readily formulated by the polynomial

optimization models in this chapter.

3.4.1 Singular Values of Trilinear Forms

Trilinear forms play an increasingly important role in many parts of analysis, e.g., in
Fourier analysis, where they appear in the guise of paracommutators and compensated
quantities (see a survey by Peng and Wong [95]). The problem of singular values of
trilinear forms is the following (see also [18]). Denote H;, Hy and Hj3 to be three
separable Hilbert spaces over the field K, where K stands either for the real or the
complex numbers, and denote a trilinear form F : H; x Hy x Hs +— K. The spectrum

norm of the trilinear form F' is then the following maximization problem:

|Flls = sup [F(z,y,2)|
st e <1, [yl <1, [lz]l <1,

x € Hy, y € Hy, z € Hs.

More generally, one can state the problem of the stationary values of the functional
|F(x,y, z)| under the same conditions. These corresponding stationary values are
called singular values of the trilinear form F. Bernhardsson and Peetre [18] showed
in the binary case, that ||F||s? are among the roots of a certain algebraic equation,
called the millenial equation, thought of as a generalization of the time honored secular
equation in the case of matrices. Another approach to singular values is given by De

Lathauwer et al. [28].
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When specializing the Hilbert spaces to finite dimensional Euclidean spaces, i.e.,
H; = R™ for ¢ = 1,2,3, and reserving the field K to be the real, the problem of
computing the largest singular value | F||s is equivalent to (Ts) when d = 3. This
is because one can always use (—,y, 2) to replace (x,y, z) if its objective value is
negative, hence the absolute value sign in |F(x,y, z)| can be omitted. Moreover, we
can also scale the decision variables such that ||z|| = ||y|| = ||z|| = 1 without decreasing
the objective. According to Proposition 3.2.2; the problem of computing ||F'||s is NP-

hard already in this real case. Together with Theorem 3.2.3, the spectrum norm of a
1

v/ min{ni,n2,n3} ’

trilinear form can be approximated in polynomial-time with a factor of

3.4.2 Rank-One Approximation of Tensors

Decompositions of higher order tensors (i.e., the order of the tensor is bigger than or
equal to 3) have versatile applications in psychometrics, chemometrics, signal process-
ing, computer vision, numerical analysis, data mining, neuroscience, graph analysis,
and elsewhere (see e.g., an excellent survey by Kolda and Bader [68]). The earliest sto-
ry of tensor decomposition dates back to 1927, where Hitchcock [55, 56] proposed the
idea of the polyadic form of a tensor. Today, tensor decomposition is most widely used
in the form of canonical decomposition (CANDECOMP) by Carroll and Chang [23]
and parallel factors (PARAFAC) by Harshman [45], or in short CP decomposition.

A CP decomposition decomposes a tensor as a summation of rank-one tensors, i.e.,
tensors who can be written as outer product of vectors (see e.g., [67]). Specifically, for
a d-th order tensor F' = (Fj j,..;,) € R™" XXX and a given positive integer r, its

CP decomposition is as follows:
T
Fr) oo o o)
i=1

where F € R™ for i = 1,2,...,7, k = 1,2,...,d. Exact recovery of rank-one decom-
positions is in general impossible, due to various reasons, e.g., data errors. Thus the
following optimization problem for the CP decomposition is straightforward, i.e., to

minimize the norm of the difference,

min |F -7z} @a}® 0|
st. xFeR™ i=1,2,...,rk=1,2,...,d

In particular, the case of » = 1 corresponds to the best rank-one approrimation of a
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tensor, i.e.,
(TA) min [|[F-z'®z’® - oz
st. xFeR™, k=1,2,...,d

By scaling, we may require the norm of ¥ to be one, then (T'A) is equivalent to

min \|F—)\m1®a:2®--'®mdﬂ
st. ANeR,xFeS™ k=12 ...,d

For any fixed ¥ € S™ (k = 1,2,...,d), if we optimize the objective function of (T A)

with respect to A, we shall have

min |F - \z' @ 2? @ -- @z’
AER

- &mﬂg}\/HFH?—MF-(wl®w2®~--®wd>+A2Hm1®m2®---®mdu2
S

= miny/|F2 - 2AF(@!, 22, 2d) + X2
AER

= VIR = (Bt a2, at))?
Thus (T'A) is equivalent to

max ’F($1,$2,--‘ 7wd)‘

st. xFeS™ k=1,2,...,d,

which is the same as (Ts) discussed in Section 3.2. Remark that similar deductions can

also be found in [29, 122, 67].

3.5 Numerical Experiments

In this section we are going to test the numerical performance of the approximation
algorithms proposed in this chapter. As mentioned in Section 2.1.3, all the numerical
computations reported in this thesis are performed on an Intel Pentium 4 CPU 2.80GHz
computer with 2GB of RAM, and the supporting software is Matlab 7.7.0 (R2008b).
The experiments in this section focus on the model (Ts) with d = 4, or equivalent-
ly, to recover the best rank-one approximation of a fourth order tensor discussed in

Section 3.4.2. Specifically, we are going to test the following problem

(ETs) max F(z,y,z,w)= Zlgm‘,k,ggn Fijke iy zpwe

st. my,z,we S
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3.5.1 Randomly Simulated Data

A fourth order tensor F' is generated randomly, whose n* entries are i.i.d. standard
normals. Basically we have a choice to make in the recursion in Algorithm 3.2.3,
yielding two different methods, both of which call the deterministic routine DR 3.2.2.

Method 1 follows the standard recursion procedures in Algorithm 3.2.3, and its first

relaxation problem is

71 = max F(Z,w)= Zlgi,j,k,@gn Fijne Zijiwe
st.  ZeSVTaw e ST
After we get its optimal solution (Z*, w*), we fix w* and the problem is then reduced
to a trilinear case of (ETs), where recursion goes on. The objective value of the ap-
proximate solution obtained is denoted by v, and a ratio 7 := v1 /91 is also computed.

On the other hand, Method 2 chooses the other relaxation as its first step, which is

U2 = max F(X, Z) = Zlgi,j,k,égn FijkEXijZk:E
st. X, ZeSswn

After we get its optimal solution (X*, Z*), we may first fix Z* and apply DR 3.2.2
to decompose X* into &,y € S”, and then fix (Z,9y) and apply DR 3.2.2 again to
decompose Z* into z,w € S", resulting a feasible solution. We also compute its
objective value vy and a ratio 5 := vy /Vs.

According to Theorem 3.2.4, Method 1 enjoys a theoretic worst-case performance
ratio of 1/n. Method 2 follows a similar fashion of Algorithm 3.2.3 by choosing a dif-
ferent recursion. It also enjoys a worst-case ratio of 1/n, which can be proven similarly
as that of Theorem 3.2.4. From the simulation results in Table 3.1, the objective values
of their feasible solutions are indeed very close. However, Method 2 computes a much
better upper bound of v(ETg), and thus ends up with a better approximation ratio.

The numerical results in Table 3.1 seem to indicate that the performance ratio of
Method 1 is about 2/n, while that of Method 2 is about 1/4/n. The main reason for
the difference of upper bounds of v(ETgs) (v7 vs. v2) is the first relaxation methods. By
Proposition 3.2.1 we may guess that v, = Q(||F||/\/n), while 02 = Q(||F||/n), and this
may contribute to the large gap between v; and v3. Consequently, it is quite possible
that the true value of v(ETg) is closer to the solution values (v and vy), rather than the
optimal value of the relaxed problem (v3). The real quality of the solutions produced

is possibly much better than what is shown by the upper bounds.
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Table 3.1: Numerical results (average of 10 instances) of (ETs)

n 2 5 10 20 30 40 50 60 70
V1 2.61 .64 8.29 9.58 12.55 13.58 15.57 17.65 18.93
U2 2.69 6.57 7.56 10.87 11.74 13.89 14.56 17.10 17.76
U1 3.84 12.70 3481 93.38 169.08 25894 360.89 472.15 594.13
) 291 9.46 20.46 39.40 59.55 79.53 99.61 119.77 140.03

71 (%) 67.97 4441 23.81 10.26 7.42 5.24 4.31 3.74 3.19
72 (%) 92.44 69.45 36.95 27.59 19.71 17.47 14.62 14.28 12.68
n- T 1.36 2.22 2.38 2.05 2.23 2.10 2.16 2.24 2.23
n- Ty 1.85 3.47 3.69 5.52 5.91 6.99 7.31 8.57 8.88
VT 1.31 1.55 1.17 1.23 1.08 1.10 1.03 1.11 1.06

Table 3.2: CPU seconds (average of 10 instances) for solving (ETYs)

n ) 10 20 30 40 50 60 70 8 90 100 150

Method 1 0.01 0.01 0.02 0.06 0.20 045 095 1.94 3.04 5.08 8.04 584
Method 2 0.01 0.02 1.13 12.6 253 517 2433 9860 ¢ 00 0o 00

Although Method 2 works clearly better than Method 1 in terms of upper bound
of v(ETs), it requires much more computational time. The most expensive part of
Method 2 is in its first relaxation, computing the eigenvalue and its corresponding

2 x n? matrix. In comparison, for Method 1 the corresponding part

eigenvector of an n
involves only an n x n matrix. Evidence in Table 3.2 shows that Method 1 can find a
good quality solution very fast even for large size problems. We remark here that for

n = 100, the sizes of the input data are already in the magnitude of 108.

3.5.2 Data with Known Optimal Solutions

The upper bounds appear to be quite loose in general, as one may observe from the
previous numerical results. To test how good the solutions are without referring to
the computed upper bounds, in this subsection we report the test results where the
problem instances are constructed in such a way that the optimal solutions are known.
By this we hope to get some impression, from a different angle, on the quality of

the approximate solutions produced by our algorithms. We first randomly generate a
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Table 3.3: Numerical ratios of (ETg) with known optima for n = 50

m 5 10 20 30 40 50 100 150 200
Minimal ratio (%) 50 66 43 37 37 100 100 100 100
Maximal ratio (%) 100 100 100 100 100 100 100 100 100
Average ratio (%) 97 86 76 87 97 100 100 100 100

Optimality instances (%) 7 10 35 71 94 100 100 100 100

vector a € S", and generate m symmetric matrices A; € R™™ (1 < i < m) with their
eigenvalues lying in the interval [—1,1] and A;a = a for i = 1,2,...,m. Then, we
randomly generate a vector b € S, and m symmetric matrices B; € R™*" (1 <i < m)
with their eigenvalues in the interval [—1,1] and B;b =b for i = 1,2,...,m. Define

F(z,y,z,w) = Z (:L'TAiy . zTBi'w) .
i=1

For this particular multilinear form F(x,y, z,w), it is easy to see that (ETs) has an
optimal solution (a, a, b, b) and optimal value is m.

We generate such random instances with n = 50 for various m, and subsequently
apply Method 1 to solve them. Since the optimal values are known, it is possible to
compute the ezact performance ratios, i.e., vi/m. For each m, 200 random instances
are generated and tested. The results are shown in Table 3.3, which suggest that
our algorithm works very well and the performance ratios are much better than the
theoretical worst-case bounds. Indeed, whenever m > 50 our algorithm always finds

optimal solutions.



Chapter 4

Homogeneous Form Optimization

with Quadratic Constraints

4.1 Introduction

This section studies optimizations of an important class of polynomial functions, name-
ly, homogeneous polynomials, or forms. The constraint set is defined by homogeneous
quadratic polynomial equalities or inequalities. Specifically, the models include maxi-

mizing a homogenous form over the Euclidean sphere

(Hg) max f(x)

st. xeS",

and maximizing a homogenous form over the intersection of co-centered ellipsoids

(Hg) max f(x)
st. 2'Qx<1,i=1,2,...,m,

x € R,

where Q; = 0 for k=1,2,...,d,and >..", Q; > 0.

As a general extension, we also consider optimizations on mixed forms, i.e.,

Function M f(z!', 2%, --- ,2°) = F(z!, 2!, 2! 2?2 - 2% -z’

where d = dy + dy + --- + ds is deemed as a fixed constant, and d-th order tensor

F e R xn2®xxnss paq partial symmetric property. The mixed form optimization

49
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models include

(MS) max f(wlvmza"'aws)

st. xFeS™ k=1,2,...,s;

(Mg) max flxl, z2,---  z%)

st (@N)TQFaF <1, k=1,2,.. .5, i, =1,2,....my,

F e R™ k=12 ...,s,

where Qf = 0and Y7, QF - 0for k=1,2,...,5 it =1,2,...,my.
The model (Mg) is a generalization of (Hg) and (Ts) in Section 3.2, and (Mg) is
a generalization of (Hg) and (Tg) in Section 3.3. When the degree of the polynomial

objective is odd, (Hg) is equivalent to

max f(x)

st. xeSn.

This is because we can always use —x to replace «x if its objective value is negative, and
can also scale the vector x along its direction to make it in S™. Thus (Hg) is a special
case of (Hg) when d is odd. However if d is even, the optimal value of (Hg) may be
negative, while that of (Hg) is always nonnegative since 0 is always a feasible solution
of (Hg). In the former case, the tensor F' is called negative definite, i.e., f(x) < 0 for
all x # 0.

The model (Hg) is in general NP-hard. When d = 1, (Hg) has a close-form solution,
due to the Cauchy-Schwartz inequality; And when d = 2, (Hg) is to compute the largest
eigenvalue of the symmetric matrix F'; However (Hg) becomes NP-hard when d = 3,
first proven by Nesterov [90]. Interestingly, when d > 3, the model (Hg) is also regarded
as computing the largest eigenvalue of the super-symmetric tensor F', like the case d = 2
(see e.g., Qi [98]). Luo and Zhang [77] proposed the first polynomial-time randomized
approximation algorithm with relative approximation ratio 2 (1 / nQ) when d = 4, based
on its quadratic SDP relaxation and randomization techniques.

For the model (Hg): When d = 1, it can be formulated as a standard SOCP prob-
lem, which is solvable in polynomial-time; When d = 2, it is the well known QCQP
problem discussed in Section 2.5, and known to be NP-hard in general. Nemirovski et
al. [87] proposed a polynomial-time randomized approximation algorithm with approx-
imation ratio € (1/logm) based on SDP relaxation and randomization, and this ratio

is actually tight; When d = 4, Luo and Zhang [77] established the relationship between
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(Hg) and its quadratic SDP relaxation, and proposed polynomial-time approximation
algorithm when the number of constraints is one. Meanwhile, Ling et al. [73] proposed
bi-quadratic optimization model, which is exactly the model (Mg) when d = 4 and
dy = dy = 2. In particular, they established the equivalence between (Mg) and its
quadratic SDP relaxation, based on which they proposed a polynomial-time random-

ized approximation algorithm with relative approximation ratio 2 (1 / n22).

For the model (Mg), the computational complexity is similar to its special cases (Ts)
and (Hg). It is solvable in polynomial-time when d < 2, and is NP-hard when d > 3,
which is claimed in Section 4.4.1. Moreover, when d > 4 and all d; (1 < k < s) are even,
there is no polynomial-time approximation algorithm with a positive approximation
ratio unless P = NP. This is verified in its simple case of d = 4 and d; = dy = 2
by Ling et al. [73]. The complexity of (Mg) is also same to that of (Hg), i.e., being
solvable in polynomial-time when d = 1 and NP-hard when d > 2. Meanwhile, a special
case of (Mg) when d = 4 and d; = dp = 2 is the biquadratic form optimization over
quadratic constraints, studied by Zhang et al. [123] and Ling al. [74]. In their work,
the relationship between biquadratic optimization and its bilinear SDP relaxation is

established, as well as some data dependent approximation bounds are derived.

In this chapter, we are going to present polynomial-time approximation algorithms
with guaranteed worse-case performance ratios for the models concerned. Our algo-
rithms work for any fixed degree d, and the approximation ratios improve all the previ-
ous works specialized to their particular degrees. The major break though for our work
is the multilinear tensor form relaxation, in stead of quadratic SDP relaxation methods
in [77, 73]. The relaxed multilinear optimization problems admit polynomial-time ap-
proximation algorithms discussed in Chapter 3. After we solved the relaxed problems,
we merge a bunch of relaxed variables into one feasible solution by a link identity, and
argue the quality ratios being deteriorated only by some constants, which is the main

contribution in this chapter.

The approximate algorithms of (Hg) are presented in Section 4.2, followed by that
of (Hg) in Section 4.3. Models (Mg) and (Mg) will be studied in Section 4.4. In
Section 4.5, we discuss some applications with the models presented in this chapter.
Finally, numerical performance of the proposed algorithms will be reported in Sec-

tion 4.6.
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4.2 Homogeneous Form with Spherical Constraint

The first model in this chapter is to maximize a homogenous polynomial function of

fixed degree d over a sphere, i.e.,

(Hs) max f(x)

s.t. xeS".

Let F' be the super-symmetric tensor satisfying F(z,x,--- ,x) = f(x). Then (Hg)
—_———
d

can be relazed to multilinear form optimization model (Ts) discussed in Chapter 3, as

follows:
(I:IS) max F(z',z? - x)

st. xFesS' k=1,2,...,d
Theorem 3.2.4 asserts that (f[ 5) can be solved approximately in polynomial-time, with
approximation ratio n=“3". The key step is to draw a feasible solution of (Hg) from

the approximate solution of (I;TS) For this purpose, we establish the following link

between (Hg) and (Hg).

Lemma 4.2.1 Suppose &', x?,... ¢ € R, and &, &9, -+ ,&q are i.4.d. random vari-
ables, each taking values 1 and —1 with equal probability 1/2. For any super-symmetric

d-th order tensor F and function f(x) = F(x,x,--- ,x), it holds that

[l (o)

Proof. First we observe that

d d d
i=1 k=1

1=1 1<k k2, ,kqg<d

=dF(z',2? - z%).

- Z E ﬁgzﬁfkjF (a:kl,a;’@’... ’mkd)
1

1<k k2, ,kq<d =1 j=

If {k1,ko, -+ ,kq} is a permutation of {1,2,...,d}, then

d d d
B[4 ]14, —E[Hf?]—l;
i=1 j=1 i=1

Otherwise, there must be an index ko with 1 < kg < d and kg # k; for all 1 < j < d.

In the latter case,

d d d
E H&kaj =E [, E H &H{ki =0.

i=1  j=1 1<i<d,i#ky j=l1
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Since the number of different permutations of {1,2,...,d} is d!, by taking into account

of the super-symmetric property of the tensor F', the claimed relation follows. (I

When d is odd, the identity in Lemma 4.2.1 can be rewritten as

d d d
aret ot <[ [Ter (Saet)| <2 | (3T )

i=1 k=1 k=1 \i#k
Since &1,&, -+ , &4 are i.i.d. random variables taking values 1 or —1, by randomization
we may find a particular binary vector 8 € B%, such that

d
f Z Hﬁi zF | > diF(zt 2%, x?). (4.1)
k=1 \i#k

We remark that d is considered a constant parameter in this thesis. Therefore, searching
over all the combinations can be done, in principle, in constant time.

Let ¢ = Eizl (szék 51) x¥, and & = &/||Z||. By the triangle inequality, we have
llz|| < d, and thus

f(@) > dldF(z!, 2%, - ).
Combining with Theorem 3.2.4, we have

Theorem 4.2.2 When d > 3 is odd, (Hg) admits a polynomial-time approzimation

algorithm with approximation ratio 7(Hg), where
T(Hg) :=d! A5 = Q (n_%> i
The algorithm for approximately solving (Hg) with odd d is highlighted below.

Algorithm 4.2.1

e INPUT: a d-th order super-symmetric tensor F € R

1 Apply Algorithm 3.2.3 to solve the problem
max F(z',z? - x?)
st. xFesS' k=1,2,...,d

approzimately, with input F and output (&, &%, - - ,:i:d).

2 Compute B = arg maxgcpa {f (Zzzl §kﬁck) }, or randomly generate 3 uniformly
on B and repeat if necessary, until f (ZZ:1 ﬁkﬁck) > dlF(&t, &%, ).
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3 Compute & = Y0_, Bz /|| ¢, Bt

e QUTPUT: a feasible solution & € S™.

We remark that it is unnecessary to enumerate all possible 2¢ combinations in Step
2 of Algorithm 4.2.1, as (4.1) suggests that a simple randomization process will serve
the same purpose, especially when d is large. In the latter case, we will end up with
a polynomial-time randomized approrimation algorithm; otherwise, the computational
complexity of Algorithm 4.2.1 is deterministic and is polynomial-time for fixed d.

When d is even, the only easy case of (Hg) appears when d = 2, and even worse,

we have the following:

Proposition 4.2.3 Ifd = 4, then there is no polynomial-time approrimation algorithm

with a positive approzimation ratio for (Hg) unless P = NP.

Proof. Let f(x) = F(x,z,x,x) with F being super-symmetric. We say quartic form
F(x,z,x,x) is positive semidefinite if F(x,xz,x,x) > 0 for all x € R". It is well
known that checking the positive semidefiniteness of F(x,x,x,x) is co-NP-complete.
If we were able to find a polynomial-time approximation algorithm to get a positive
approximation ratio 7 € (0,1] for v* = maxgesn —F(x, ®, x,x), then this algorithm
can be used to check the positive semidefiniteness of F'(x, x, x,x). To see why, suppose
this algorithm returns a feasible solution & with —F (&, &, &, x) > 0, then F(x,x, x, )
is not positive semidefinite. Otherwise the algorithm must return a feasible solution &
with 0 > —F(&,&,&,&) > 7v*, which implies v* < 0; hence, F(x,z,x,x) is positive

semidefinite in this case. Therefore, such algorithm cannot exist unless P = NP. [

This negative result rules out any polynomial-time approximation algorithm with
a positive absolute approximation ratio for (Hg) when d > 4 is even. Thus we can only
speak of relative approximation ratio. The following algorithm applies for (Hg) when

d is even.

Algorithm 4.2.2

e INPUT: a d-th order super-symmetric tensor F € R,
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1 Choose any vector z° € S™ and define a d-th order super-symmetric tensor H €

R with respect to the homogeneous polynomial h(x) = (x"x)%/2.

2 Apply Algorithm 3.2.3 to solve the problem

max F($1,$2,--' 7md) - f(CEO)H(ml,m2’--~ amd)

st. xFesS' k=1,2,...,d

approzimately, with input F — f(x°)H and output (&%, &>, --- ,&%).

- 2= k2T
3 Compute 3 = arg MAXgcga [Td_ ¢, —1 { <sz 1£kmk”>}

4 Compute & = arg max {f(ac ), f (M)}

o QUTPUT: a feasible solution & € S™.

Theorem 4.2.4 When d > 4 is even, (Hg) admits a polynomial-time approzimation

algorithm with relative approzimation ratio T(Hg).

Proof. Denote H to be the super-symmetric tensor with respect to the homogeneous
polynomial h(z) = ||z|¢ = (zTx)%?. Explicitly, if we denote II to be the set of all
permutations of {1,2,...,d}, then

H(z' 2%, - 2 = 1 Z ((mil)T:Big) ((mig)T:D’M) . ((wid,l)Tmid) '
(i1 i, ig) €Tl
For any =¥ € S" (k = 1,2,...,d), we have |H(z',z2,--- ,2%)| < 1 by applying the
Cauchy-Schwartz inequality termwise.

Pick any fixed £° € S”, and consider the following problem
(-E[S) max F(:Blv :1327 T 7xd) - f(mO)H(iB17:122, T 7$d)
st. xFeStk=1,2,...,d.

Applying Theorem 3.2.4 we obtain a solution (&', &2, --- , &%) in polynomial-time, with

F(i17i2> e 7&(1) - f(mo)H(il?i27 e 7id) > %(TS)U(HS)v

where 7(Ts) := i

Let us first work on the case that

f(&°) = v(Hs) < (7(Ts)/4) (v(Hs) — v(Hs)). (4.2)
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where the second inequality is due to the fact that the optimal solution of (Hg) is
feasible for (Hg).

On the other hand, let £1,&s,- - , &4 be i.i.d. random variables, each taking values
1 and —1 with equal probability 1/2. By symmetricity, we have Prob {H?Zl & = 1} =
Prob {Hle &= —1} = 1/2. Applying Lemma 4.2.1 we know

d! <F(.%1,:i:2, @) —w(Hg)H (&, %2, - - ,ﬁ;d)>
M d d d
= E|[J& | f (kaﬁ:’“) — v(Hg)h (Zaka:k>>]
k=1
d d
Hfi = 1| Prob {Hg = 1}
=1 =1

T d d d| g ;
-B f<sz§3k> —v(Hs) kaﬁ?k H&Z—l Prob {Hgi:_l}

i=1

d d g
1 ~k ~k
< SE|f (Zékm ) —u(Hs) ||Y & Hla = 1] :
.
where the last inequality is due to the fact that
d
f <Z &@’“) — v(Hs)
k=1

R
with H?Zl B; = 1, such that

d d
3 |7 <Z 5) - u(Hs) |3 pia*
k=1 k=1
By letting & = S¢_, Sp&" / HZL Brt

. d'7(Ts) (v(Hs) — v(Hs))
x) —v(Hg) >
fl@) = ulHls) 2 =2 a g SR

d
>0,

d
D&t
k=1

‘ € S™. Thus by randomization, we can find 8 € B?

d
> d!(7(Ts)/2) (v(Hs) — v(Hs)) -

, and noticing || Y2¢_, Sz&"|| < d, we have

> 7(Hg) (v(Hs) — v(Hg)).
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Recall that the above inequality is derived under the condition that (4.2) holds. In
case (4.2) does not hold, then

f(2%) — v(Hs) > (7(Ts)/4) (v(Hs) — v(Hs)) > 7(Hs) (v(Hs) — v(Hs)).  (4.3)

By picking & = argmax{f(&), f(x?)}, regardless whether (4.2) or (4.3) holds, we shall
uniformly have f(&) — v(Hs) > 7(Hs) (v(Hs) — v(Hs)). O
4.3 Homogeneous Form with Ellipsoidal Constraints

We proceed a further generalization of the optimization models to include general

ellipsoidal constraints.

(Hg) max f(x)
st. 2TQux<1,i=1,2,...,m,

x € R",

where f(x) is a homogenous polynomial of degree d, Q; = 0 for i = 1,2,...,m, and
> Q- 0.
If we relax (Hg) to the multilinear form optimization problem like (T), and we

have
(E[Q) max F(mlamZa"' ’md)

st. (@N)TQxr <1,k=1,2,...,d,i=1,2,...,m,
zFeR k=1,2,...,d.
Theorem 3.3.4 asserts an approximate solution for (Hg), together with Lemma 4.2.1
we propose the following algorithm for approximately solving (Hg), no matter d is odd

or evemn.

Algorithm 4.3.1

o INPUT: ad-th order super-symmetric tensor F' € R”d, matrices Q; € R, Q, =

7 —

0 foralll1 <i<m with) ;* Q; = 0.

1 Apply Algorithm 3.3.2 to solve the problem
max F(x!,x?, .- x%)
st. (@)TQuxr <1,k=1,2,...,d,i=1,2,...,m,
F eR" k=1,2,....d
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approzimately, and get a feasible solution (&', &2,--- ,&%).

2 Compute & = arg max {f (é Zi:l fkﬁsk> €€ Bd}.

e QUTPUT: a feasible solution & € R".

Although Algorithm 4.3.1 applies for both odd and even d of the model (Hg), the

approximation results are different, as the following theorems claimed.

Theorem 4.3.1 When d > 3 is odd, (Hg) admits a polynomial-time randomized ap-

proximation algorithm with approximation ratio T(Hg), where
r(Hg) = d'd~‘n="5"Q (1og—<d—1> m) =0 (n—% log— (@D m) ‘

Proof. According to Theorem 3.3.4 we can find a feasible solution (&!, %2, --- &%) of

(Hg) in polynomial-time, such that
F(a'a? - &) > 7(H)v(Hg) > 7(Hq)v(Hg), (4.4)

where 7(Hg) = n= T Q (log_(d_l) m) By (4.1), we can find a binary vector 3 € B¢

in polynomial-time, such that

(Zﬁz >>le 2, &d).

Notice that for any 1 < k < m,

T d
(ZB,&:Z> Qx Zﬁyfﬂj 252 (&) Q.54

i=1 Jj=1 4,j=1

-3 (s0te)" (saiw) < 3 [saute et
i,7=1 3,j=1

=y Jarean/@raa < 1= (4.5)
i,j=1 t,j=1

If we denote & = % S Bid', then @ is a feasible solution for (Hgp), satisfying

f(@) > ddiF (&', 3%, - &) > d""d\F (Ho) v(Hq) = T(Hg) v(Hg).
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Theorem 4.3.2 When d > 4 is even, (Hg) admits a polynomial-time randomized

approzimation algorithm with relative approzimation ratio T(HQ).

Proof. First, we observe that v(Hg) < v(Hg) and v(Hg) > v(Hg) = —v(Hg). There-
fore, 2v(Hg) > v(Hg) — v(Hg). Let (&', &2, -, &%) be the feasible solution for (Hp)
as in the proof of Theorem 4.3.1, satisfying (4.4). According to (4.5), it follows that

T = argmax{f (é Zizl fkﬁzk> ,€ € IB%d} is feasible for (Hg), where &1,&2,- -+, &4 are
i.i.d. random variables, each taking values 1 and —1 with equal probability 1/2. There-

fore, by Lemma 4.2.1 we have

rd
2dlF(z', 2%, - &%) =2E Hfz‘f (Zik ]
_Zzl )
e onff- o) o
= —
d
[ (wa ) (Ho)| [[ & = 1] < d'f (&) — du(Ho).
i1

According to (4.4), this implies that

~—
=

fio |

i=1

f(@)—uv(Hg) > 24~ %dIF(&',&%, - &) > 2r(Hq)v(Hq) 2 7(Hg) (v(Hg) — v(Hqg)).

O

4.4 Mixed Form with Quadratic Constraints

In this section, we further extend polynomial optimization models to the mixed forms.

Specifically, we study the following two models:

(MS) max f(m1’w27“.7ms)

st. xFeS™ k=1,2,...,s;

(Mg) max f(z!,z? - z%)
st (@)TQEad <1, k=1,2,...,s, i, =1,2,...,mu,
F e R™, k=12 ...,s,

where ka > 0 and Z;’Z’;IQZ = 0 for k = 1,2,...,8, i, = 1,2,...,my. Here we
assume that np < ng <--- < ng.
Both (Ts) in Section 3.2 and (Hg) in Section 4.2 are special cases of (Mg), and both

(Tg) in Section 3.3 and (Hg) in Section 4.3 are special cases of (Mg). In particular,
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(Mg) is a generalization of the bi-quadratic optimization model discussed in Ling et

al. [73], specialized to d =4 and dy = dy = 2.

4.4.1 Mixed Form with Spherical Constraints

Let us study the optimization model (Mg). First, we have the following hardness result.
Proposition 4.4.1 If d = 3, then (Mg) is NP-hard.

Proof. We need verify the NP-hardness in three cases of d = 3, i.e., d; = 3, d; = 2 and
dy =1, and di = dg = d3 = 1. The case of d; = 3 is exactly (Hg) with d = 3, whose
NP-hardness is proven by Nesterov [90], and the case of dy = dy = d3 = 1 is exactly
(T's) with d = 3, whose NP-hardness is proven in Proposition 3.2.2.

When d; = 2 and ds = 1, in its special case ny = no = n and F € R™’ satisfying
Fiji, = Fji, for all 1 < 4,7,k < n, we notice the following form of (Ts) is NP-hard in
the proof of Proposition 3.2.2

(Ts) max F(x,y,z)

s.t. x,y,z €S

We are going to show that the optimal value of (T ) is equal to the optimal value of
this special case
(Ms) max F(x,z,z)
s.t. x,ze S
It is obvious v(Ts) > v(Msg). Now choose any optimal solution (z*,y*,z*) of (Ts)
and compute the matrix M = F(-,-,z*). Since M is symmetric, we can compute
an eigenvector & corresponding to the largest absolute eigenvalue A (which is also the

largest singular value) in polynomial-time. Observe that

|F(&,&,2")|=|2" M&|=\= max T My= max F(x,y,z")=F(z*,y*, z*)=v(Ts),
x,yesn x,yesn

which implies either (&,a, z*) or (&, %, —z*) is an optimal solution of (Ts). Therefore
v(Ts) < v(Mg), and this claims v(Ts) = v(Mg). If (Ms) can be solved in polynomial-
time, then its optimal solution is also an optimal solution of (TS), which solves (TS) in

polynomial-time, leading to a contradiction. O

Now, we focus on polynomial-time approximation algorithms as before. Similar to

the relaxation in Section 4.2 in handling homogeneous polynomial optimizations, if we



4.4 Mixed Form with Quadratic Constraints 61

relax (Mg) to the multilinear optimization (7's), then by Theorem 3.2.4 we are able to

find (&,2,--- , &%) with ||| = 1 for all 1 < k < d in polynomial-time, such that
F(ilai2a"' 7d:d) > 7~_<MS)’U(MS)7 (46)

where

=

iz e k> dy =1,
Ng—1

F(Mg) = <
(L) ™ s

ng2
In order to draw a feasible solution of (Mg) from (:il, &2, ,ﬁ:d), we need apply the
link identity in Lemma 4.2.1 more carefully. Comparable approximation results as (Hg)

can be similarly derived.

Theorem 4.4.2 If d > 3 and one of di, (k = 1,2,...,s) is odd, then (Mg) admits a

polynomial-time approzimation algorithm with approximation ratio 7(Mg), where

#HMg) = #(Ms) ][] 7 = Q(7(Ms))

lng&BSdkdk

_1
- (H’“nk ) a1
dp“* Ns—1

1<k<s, 3<dy,

| s di\ "2
dp“* Ns

1<k<s, 3<dy,

To avoid messy notations and better understand the main ideas of the algorithm
and the proof, here we only consider a special case (MS), which is easily extended to
general (Mg).

(Ms) max F(x,@,@,9,y 2 2 2)
st. xeS™M yeS™? ze 8.

By (4.6), we are able to find !, 2, 3, z* € S™ ¢!, y? € §"2, and 2!, 22 23 € §"

in polynomial-time, such that
F(wla C[:27 CC3, CC4, y17 y27 Zl? 22, 23) 2 7~—(‘7\45)U<Z\A4'S)
2

Let us first fix (y',y?, 2!, 22, 23) and work for the problem

1,2 .1 .2 .3
max F(w7w7x7x7y Y ,2,2%, 2 )

st. xe S,
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Using the same argument in proving Theorem 4.2.2, we are able to find & € S™, such

that either F(2,%, 2,2, y", y% 2% 2%, 2%) or F(2,2,2,2,y",y%, —2', 22, 23) will be no

less than 4144 F (2!, 22, 23 x4, y', y?, 2!, 22, 23), whereas in the latter case, use —z!
to update z!. Here even degree (d; = 4) for  makes no trouble, as we can always move
the negative sign into z'. We call this process to be an adjustment of the variable z.

Up till now the approximation bound is 4!4~47(Mg).

Next we work on adjustment of variable y and consider the problem

max |F(&,2,&,2,9,y,2', 2% 2°)

s.t.  yeS.

This is the matrix largest absolute eigenvalue problem and can be solved in polynomial-
time. Denote its optimal solution to be ¢, update z! with —z! if necessary, and we
keep the approximation bound 4!4=47(Mg) for the solution (&, %, &, &, 9, 9, 2%, 22, 2°).

The last adjustment of the variable z is straightforward. Similar to the adjustment

of the variable «, by focusing on

A A

max F(m7$7w7w7y?y7z7z7z)

s.t.  z € 8™,

admits an approximation bound 3!373414~47(My).

We remark here that the variable z is the last variable for adjustment, since we
cannot move the negative sign to other adjusted variables if the degree of z is even.
That is why we require one of di to be odd as the condition of Theorem 4.4.2, where
we can always adjust the last variable with an odd degree.

However, if all di, (k =1,2,...,s) are even, we can only hope for a relative approx-
imation ratio. For its simplest case when d = 4 and d; = do = 2, the bi-quadratic
optimization model maxgesr yesne F(, ,y,y) does not admit any polynomial-time
approximation algorithm with a positive approximation ratio by Ling et al. [73]. Be-
fore working on this even case, let us first introduce the following link extended from

Lemma 4.2.1.

Lemma 4.4.3 Suppose ¥ € R (1 < k < dy), " €¢ R (d; +1 < k < dy +
d2)7"'7wk € Rns(d1+d2+“'+d571+1 S k S d1+d2++ds = d)z and

£1,&9,--+ ,&q are i.i.d. random variables, each taking values 1 and —1 with equal prob-
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ability 1/2. Denote

di+ds d
fﬂg = Z&cw scg = Z gt o xg = Z Ep®. (4.7)
k=d1+1 k=di+da+-+ds_1+1

41 xngd2 X xngds

For any partial symmetric d-th order tensor F € R™ and function

it holds that

d s
E Hfl-f (mé,mg, ,mg) :Hdk!F(ml,mQ,--- ).
i=1 k=1
This lemma is easy to prove by applying Lemma 4.2.1 s times.

Theorem 4.4.4 If d > 4 and all d, (k = 1,2,...,s) are even, then (Mg) admits
a polynomial-time approzimation algorithm with relative approximation ratio 7(Mg),

where

Proof. Denote H € R xn22xcxna® 4 B the partial symmetric d-th order tensor

with respect to the mixed form

s d
h(x', 2%, H k% =TT (@")7*) *
k=1
Choose any fixed &* € S™ for k =1,2,...,s, and consider the following problem
(MS) max F($17$2, e 7md) - f(ivclaiZ’ e 7£5)H(mlaw27 e 7$d)
st. 2| =1,k=1,2,...,d
Applying Theorem 3.2.4 we obtain a solution (&',&%,--- &%) with ||&*| = 1 for k =

1,2,...,d in polynomial-time, such that

F(i}l 'CAU2 7ﬁ:d) - f(dzlvdef” 7iS)H(i17§327"' 7£And) > %(MS)U(MS)

) )
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Let us start with the case that

f@' &% &%) — vu(Ms) < (7(Ms)/4) (v(Ms) — v(Ms)) . (4.8)
Notice that |H (&, &2, .- ,&%)| < 1, we have
F(z' &, - 2% —u(Ms)H (2", 22, , 27
— P&, &% ,&Y - f@', &%, &) H (@42, &%)

AV

%(Ms)v(Ms) — (f(@l,iz, s 2%) — Q(MS))
7(Ms) (o(Ms) — f(&', &, ,&)) — (F(Ms)/4) (v(Ms) — v(Ms))
(F(Ms)(1 — 7(Mg)/4) — 7(Mg)/4) (v(Msg) — v(Msg))

(7(Ms)/2) (v(Ms) — v(Ms)),

AV,

v

where the second inequality is due to the fact that the optimal solution of (Mg) is
feasible for (Mg).

On the other hand, using the notation of (4.7) and applying Lemma 4.4.3, we have

H dk' (F(il’aAZQV o 7id) _Q(MS)H(ilvﬁ:Za T afcd)>
k=1
d
~ e [fle0 @t o -amon ahot - ap)|
=1
d d
IIs= 1] Prob {Hg = 1}
=1 i=1
d d
[& = —1]| Prob {Hg = —1}
=1 i=1
d
Hfi = 1] ;
=1

where the last inequality is due to f (a%%, :ﬁg, e ,:i"g) —v(Ms) [Ty HiIng’c > 0, since

S
= E [f (&4, a2, ,27) — v(Mg) [ ] I2E)%
k=1

E [f @ha2, - a2) —u(ts) [T k1%
k=1

1 1 . -
< 3E [f (ag.82,- - &) - v(Ms) [ I#€1%
k=1

(ﬁz%/\|§3£||,:%£/||ﬁsgﬂ, e ,:?35/\|:%£||) is feasible for (Mg). Thus, there is a binary vector
B € B¢ with []%_, 8; = 1, such that

1 o Ny s A s )

5 (f (@5, @5, &5) —v(Ms) [ ||w§udk> > [[ di! (7(Ms)/2) (v(Ms) — v(Ms)).
k=1 k=1

by letting ¥ = ﬁcﬁ/H:fch for k =1,2,...,s, and noticing ||§:EH < dj, we have

f@h e @) —u(Ms) > F(Ms) [ delll&hll~% (v(Ms) — v(Ms))

k=1
> 71(Msg) (v(Mg) —v(Ms)) .
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Recall that the above inequality is derived under the condition that (4.8) holds. In

case (4.8) does not hold, then we shall have

@&, &%) —u(Mg) > (F(Mg)/4) (v(Mg) — v(Mg)) > 7(Ms) (v(Ms) — v(Ms)) .

2 2

By picking (z!', 22, - ,x*) = argmax{f(z!, &2, -, &%), f(&', &%, - -, &%)}, we shall

uniformly have f(x!, 22, -, x%) — v(Mg) > 7(Ms) (v(Ms) — v(Ms)). O
4.4.2 Mixed Form with Ellipsoidal Constraints

Finally, let us discuss the most general model (Mg) for homogeneous polynomial opti-

mization with quadratic constraints. We have similar results as of (Mg) in Section 4.4.1.

Theorem 4.4.5 If d > 3 and one of dj, (k = 1,2,...,s) is odd, then (Mq) admits a

polynomial-time randomized approzimation algorithm with approzimation ratio T(Mg),

where
= dy!
= 7 —(d-1) k- _ ~ (d—1)
r(Mg) T(MS)Q<log m)kl_[ldkdk Q(T(MS) log m)
1
s | s—1 . dp\ 2
T2 (U)o (lognm) g, =1,
= i1 G Ms—1
1
s ! s dip\ ~2
15 ) (M=) " (o @ m) a2
o1 e s

and m = maxj<g<s{my}.

The proof of Theorem 4.4.5 is very similar to that of Theorem 4.4.2, where a typical
example is illustrated. Here we only highlight the main ideas. First we relax (Mg)
to the multilinear form optimization (T() which finds a feasible solution for (Tg) with
an approximation ratio 7(Mg)$2 (log_(d_l) m) Then, Lemma 4.4.3 servers as a bridge
from that solution to a feasible solution for (Mg). Specifically, we may adjust the
solution of (T() one by one. During each adjustment, we apply Lemma 4.2.1 once,
with the approximation ratio deteriorating no worse than di\d, =% . After s times of
adjustments, we are able to get a feasible solution for (Mg) with performance ratio

7(Mg). Besides, the feasibility of the solution so-obtained is guaranteed by (4.5).

Theorem 4.4.6 If d > 4 and all di (k = 1,2,...,s) are even, then (Mg) admits a
polynomial-time randomized approzimation algorithm with relative approrimation ratio

T(Mq).
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Proof. The proof is analogous to that of Theorem 4.3.2. The main differences are:
(i) we use Lemma 4.4.3 instead of invoking Lemma 4.2.1 directly; and (ii) we use
f (%ié, éig’ e ,d—lsig) instead of f (é EZ:l £kﬁck) during the randomization pro-

cess. O

4.5 Applications

To better appreciate the homogeneous polynomial optimization models presented in
this chapter, in this section we are going to present a few examples rising from various

applications. In particular we shall discuss applications of the models (Hg) and (Mg).

4.5.1 Eigenvalues and Approximation of Tensors

Similar as the eigenvalues of matrices, this kind of concept has been extended to higher
order tensors (see e.g., [98, 99, 100, 91]). In fact, the concept for eigenvalues of tensors
become richer than that restricting to matrices. Qi [98] proposed several definitions of
tensor eigenvalues, among which the most popular and straightforward one is named
Z-eitgenvalues. For a given d-th order super-symmetric tensor F' € ]R"d, its Z-eigenvalue
A € R with its corresponding eigenvector & € R™ are defined to be the solutions of the

following system:

Notice that the Z-eigenvalues are the usual eigenvalues for a symmetric matrix when
the order of the tensor is 2. It was proven in Qi [98] that Z-eigenvalues exist for an
even order real super-symmetric tensor F', and F' is positive definite if and only if all
of its Z-eigenvalues are positive, which is similar to the matrix case. Thus, the smallest
Z-eigenvalue of an even order super-symmetric tensor F' is an important indicator of
positive definiteness for F'. Conversely, the largest Z-eigenvalue can be an indicator of
the negative definiteness for F', which is exactly the model (Hg). In general, the optimal
value and any optimal solution of (Hg) is the largest Z-eigenvalue and its corresponding
eigenvector for the tensor F', no matter d is even or odd. By Theorem 4.2.2, the largest
Z-eigenvalue of an odd order super-symmetric tensor F' can be approximated with a

_d=2 . . . .. .
factor of dld~%n~"z . For an even order tensor, this approximation ratio is in relative
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sense. However if we know in advance that the given even order tensor is positive
semidefinite, we can also have an approximation factor of d\d—In="5" for its largest
Z-eigenvalue.

Regarding to the tensor approximation, in Section 3.4.2 we have discussed the best
rank-one decomposition of a tensor. In case that the give tensor F' € R is super-
symmetric, then the corresponding best rank-one approximation should be

min HF—:I:®213®'--®ZL'
—_—
d

s.t. xeR™
Applying the same technique discussed in Section 3.4.2, we can equivalently reformulate

the above problem as

max F(x,x, - ,x)
———

d

s.t. xeS”,

which is identical to the largest eigenvalue problem and (Hg). In fact, when d is odd, if

we denote its optimal solution (largest Z-eigenvector) to be & and optimal value (largest

Z-eigenvalue) to be A = F(&,&,--- ,&), then the best rank-one approximation of the
~—_————
d
super-symmetric tensor F iS AT R E® -+ - ® .
—_—————
d

4.5.2 Density Approximation in Quantum Physics

An interesting problem in physics is to give a precise characterization of entanglement
in a quantum system. This describes types of correlations between subsystems of the
full quantum system that go beyond the statistical correlations that can be found in a
classical composite system. Specifically it arises a matrix approximation problem. The
following formulation is proposed in Dahl et al. [27].

Denote A"} to be the set of all n x n positive semedefinite matrices with trace being
1, ie, A% :={A € R"™"|A = 0, tr (A) = 1} (sometimes it is also called the matrix
simplex). Using the matrix decomposition method (see e.g., Sturm and Zhang [113]),
it is not hard to verify that the extreme points of Al are all rank-one matrices, or
specifically, A} = conv {xx™ |z € S"}. If n = ning, where n; and ny are given two
positive integers, then we call a matrix A € A"l separable if A can be written as a

convex combination

A:i)\iBi(@Ci
=1
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for some positive integer m, matrices B; € A" and C; € A’ for i = 1,2,...,m, and
nonnegative scalars \; (i = 1,2,...,m) with >." | A; = 1. For given n; and ng, denote
Aflr@ to be the set of all separable matrices of order n = nino. The density approrima-
tion problem is the following. Given a density matrix A € A", find a separable density

matrix X € A$’® which is closest to A, or specifically, the minimization model
(DA) min || X —A|
st. X e Ai@.
This projection problem is in general NP-hard, mainly relying on the understanding
of AT®. An important property of A® is that all its extreme points are symmetric

rank-one matrices (z®y)(x®@y)T with € S™ and y € S™ (see the proof in Theorem
2.2 of [27]), i.e.,

AT =conv{(z@y)(z@y)" |z € S™, y € S}

Then in stead, we may turn to the projection subproblem of (D A), to find the projection

of A on the extreme points of A:L_’@, which is
min (z@y)(x@y)" - A
st. xeS™M, yeS™.

Straightforward computation shows that
llzey)(zoy) —Af=1-2Ae¢@@ay)(zy)" +]A|*
Therefore the projection subproblem is equivalent to
max Ae(zx®y)(x®y)"

s.t. xeS" yeS",

which is the exact model (Mg) with d =4 and d; = dy = 2.

4.6 Numerical Experiments

In this section we are going to present the numerical performance of the approximation
algorithms proposed in this chapter. In particular, the model (Hg) with d = 4 is being
tested, i.e.,
(EHq) max  f(x) =2 1< jre<n Fijhe TitjTrte
st. 2TQux<1,i=1,2,...,m,

x € R"



4.6 Numerical Experiments 69

Table 4.1: Numerical results of (EHg) for n = 10 and m = 30

Instance 1 2 3 4 5 6 7 8 9 10
100 - v 0.6 077 032 027 073 042 052 064 098 1.04
100 - v 496 453 475 505 586 532 500 519 507 592
7 (%) 13.10 17.00 6.74 535 1246 7.89 1040 12.33 19.33 17.57

nln®m -7 51.56 66.88 26.51 21.04 49.01 31.06 40.92 4852 76.05 69.12

where fourth order tensor F' is super-symmetric, and matrix Q; is positive semidefinite
for i = 1,2,...,m. During the testings, cvx v1.2 (Grant and Boyd [41]) is called for

solving the SDP problems whenever applicable.

4.6.1 Randomly Simulated Data

For the data of (EHg), a fourth order tensor F’ is randomly generated, whose n* entries
follow i.i.d. standard normals. We then symmetrize F’ to form a super-symmetric
tensor F' by averaging the related entries. As to the constraints, we generate m matrix
Q. € R"™"(; = 1,2,...,m) independently, whose entries also follow i.i.d. standard
normals, and then let Q; = (Q)T Q) for i =1,2,...,m.

For the particular nature of (EHg), rather than directly applying Algorithm 4.3.1
to solve it, we use a simplified method. First (EHg) is relaxed to

max F(X, X) =3 1<, g o<n FijkeXij Xe
st r(QXQ;X")<1,i=12,....m, j=12...,m,
X e Rnxn,

which is a standard quadratic program, and can be solved approximately by SDP
relaxation and randomization (see e.g., [75] or Section 2.5). The optimal value of the
SDP relaxation problem is denoted by v, which we shall use as an upper bound of
v(EHg). We then apply DR 3.3.1 to decompose this approximate solution into &,y €
R™. Finally we pick a vector with the best objective value of f(x) from {0, &,y, (T +
Y)/2,(x — y)/2} as the output. This objective value is denoted by v, and a ratio
7 :=v/? is also computed.

By following essentially the same proof, this simplified method also enjoys a worst-

nlog3m)’ similar as Theorem 4.3.2 asserted. For

case relative performance ratio of €2 (

n = 10 and m = 30, we randomly generate 10 instances of (EHg). The solution results
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Table 4.2: Numerical ratios (average of 10 instances) of (EHQ)

n 2 5 8 10 12
7 (%) for m =1 90.2 57.9 73.3 66.2 60.0
7 (%) for m = 65.6 28.3 22.5 29.1 17.1
7 (%) for m = 10 60.4 22.3 14.6 16.0 8.9
7 (%) for m = 30 59.4 17.8 10.2 12.2 9.2

are shown in Table 4.1. In Table 4.2, the absolute approximation ratios for various n
and m are shown. Remark that the dimensions of the problems that can be efficiently
solved using our algorithms are not large, due to the limitation of solving large size

SDP relaxation problems.

4.6.2 Comparison with Sum of Squares Method

In this subsection, we compare our solution method with the so-called sum of squares
(SOS) method [70, 71] for solving (EHg). Due to the limitations of the current SD-
P solvers, our method works only for small size problems. Since the SOS approach
works quite efficiently for small size polynomial optimization problems, it is interest-
ing to know how the SOS method would perform in solving these randomly generated
instances of (EHg). In particular, we shall use GloptiPoly 3 of Henrion et al. [53].

We randomly generated 10 instances of (EHg). By using the first SDP relaxation
(Lasserre’s procedure [70]), GloptiPoly 3 found global optimal solutions for 4 instances,
and got upper bounds of optimal values for the other 6 instances. In the latter case,
however, no feasible solutions are generated, while our algorithm always finds feasible
solutions with guaranteed approximation ratio, and so the two approaches are comple-
mentary to each other. Moreover, GloptiPoly 3 always yields a better upper bound
than o for our test instances, which helps to yield better approximation ratios. The
average ratio is 0.112 by the using upper bound v, and is 0.262 by using the upper
bound produced by GloptiPoly 3 (see Table 4.3).

To conclude this section as well as this chapter, we remark that the algorithms
proposed are actually practical, and they produce high quality solutions. The worst-
case performance analysis offers a theoretical ‘safety net’, which is usually far from

the typical performance. Moreover, it is of course possible to improve the solution by
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Table 4.3: Numerical results of (EFHg) compared with SOS for n = 12 and m = 30

Instance 1 2 3 4 5 6 7 8 9 10
100 - v 0.30 0.76 0.43 0.76 0.70 0.49 0.81 0.34 0.29 0.62
100 - v 4.75 447 521 520 4.59 481 523 5.12 589 4.78
100 - vsog 2.06 2.02 243 241 1.86 2.02 199 224 2.83 1.88
Optimality of 9506 No No Yes Yes No Yes No Yes No No
v/v (%) 6.32 17.00 8.25 14.62 15.25 10.19 1549 6.64 4.92 12.97
v/vsos (%) 14.63 37.62 17.70 31.54 37.63 24.26 40.70 15.18 10.25 32.98

some local search procedure, e.g., the projection gradient methods [22], maximum block

improvement method [25].



Chapter 5

Polynomial Optimization with

Convex Constraints

5.1 Introduction

This chapter tackles an important and useful extension of the models studied in previ-
ous chapters: to allow the objective function to be a generic inhomogeneous polynomial
function. As is evident, many important applications of polynomial optimizations in-
volve an objective that is intrinsically inhomogeneous. Specifically, we consider the

following problems:

(Ps) max p(a)

st. xeSy

(Pp) max p(x)
st. 2TQux<1,i=1,2,...,m,

x cR"”

where Q; = 0 for k = 1,2,...,d, and Y /", Q; > 0. It is obvious that (Pg) is an
extension of (Pg). We also in the chapter consider a much more general frame of
polynomial optimization over a general convex compact set, i.e., for a give convex

compact set G C R", the problem

(Pg) max  p(x)

st. xed.

72
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The model (Pg) can be solved in polynomial-time when d < 2, and becomes NP-
hard when d > 3. Even worse for d > 3, there is no polynomial-time approximation
algorithm with a positive approximation ratio unless P = NP, which we shall ar-
gue later. Therefore, the whole chapter is focus on relative approximation algorithms.
The inapproximability of (Pg) differs greatly to that of the homogeneous model (Hg)
discussed in Section 4.2, since when d is odd, (Hg) admits a polynomial-time approxi-
mation algorithm with a positive approximation ratio by Theorem 4.2.2. Consequently,
the optimization of an inhomogeneous polynomial is much harder than a homogeneous
one. The complexity of (Pg) and (Pg) is similar, being solvable in polynomial-time
only when d = 1 and NP-hard when d > 2. This is because (Pg) is generalized from
(Pg), and (Pg) is generalized from (Hg), an NP-hard problem when d > 2 (see the

discussion in Section 4.1).

Extending the solution methods and the corresponding analysis from homogeneous
polynomial optimizations to the general inhomogeneous polynomials is not straight-
forward. As a matter of fact, so far all the successful approximation algorithms with
provable approximation ratios in the literature, e.g., the quadratic models considered
in [88, 87, 120, 75, 50] and the quartic models considered in [73, 77], are dependent on
the homogeneity in a crucial way. Technically, a homogenous polynomial allows one to
scale the overall function value along a given direction, which is an essential operation
in proving the quality bound of the approximation algorithms. The current chapter
breaks its path from the preceding practices, by directly dealing with a homogeniz-
ing variable. Although homogenization is a natural way to deal with inhomogeneous
polynomial functions, it is quite a different matter when it comes to the worst-case
performance ratio analysis. In fact, the usual homogenization does not lead to any
assured performance ratio. In this chapter we shall point out a specific route to get
around this difficulty, in which we actually provide a general scheme to approximately

solve such problems via homogenization.

In Section 5.2, we start by analyzing the model where the constraint set is the
Euclidean ball, i.e., the model (Pg). We propose polynomial-time approximation al-
gorithms with guaranteed relative approximation ratios, which serve as a basis for the
subsequent analysis. In Section 5.3, the discussion is extended to cover the problem
where the constraint set is the intersection of a finite number of co-centered ellipsoids,

i.e., the model (Pp), and relative approximation algorithms are proposed as well. In
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Section 5.4, the approximation bounds are derived even for some very general optimiza-
tion models (Pg), e.g., optimization of a polynomial over a polytope. It turns out that
for such general problems, it is still possible to derive relative approximation ratios,
which depend on the problem dimensions only. The tool we used is the Léwner-John
ellipsoids. In Section 5.5, we discuss some applications with the models presented in
this chapter. Finally, we report our numerical experiment results in Section 5.6. As
this chapter is concerned with the relative approximation ratios, we may without loss of

generality assume the polynomial function p(x) to have no constant term, i.e., p(0) = 0.

5.2 Polynomial with Ball Constraint

Our first model in this chapter is to maximize a generic multivariate polynomial function

subject to the Euclidean ball constraint, i.e.,

(Pg) max p(x)

st. xeSm

Since we assume p(x) to have no constant term, the optimal value of this problem is
obviously nonnegative, i.e., v(Pg) > 0.

The complexity to solve (Pg) can be summarized by the following proposition.

Proposition 5.2.1 Ifd < 2, then (Pg) can be solved in polynomial-time; Otherwise if
d > 3, then (Pg) is NP-hard, and there is no polynomial-time approzimation algorithm

with a positive approximation ratio unless P = NP.

Proof. For d < 2, (Pg) is a standard trust region subproblem. As such it is well known
to be solvable in polynomial-time (see e.g., [113, 114] and the references therein). For
d > 3, in a special case where p(x) is a homogeneous cubic form, it is easy to see that
(Pg) is equivalent to maxgesn p(), which is shown to be NP-hard by Nesterov [90].

Let us now consider a special class of (Pg) when d = 3:
v(a) = max f(z)—allz|?
st. =z eSS,

where av > 0, and f(x) is a homogeneous cubic form associated with a nonzero super-

symmetric tensor F' € R™*™*" 1If v(«) > 0, then its optimal solution x* satisfies

f(&*) —alz*|]® = |z*|P < @ ) —az*|? = |z*|? (\x*Hf < z ) _ a> > 0.

[l [l
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Thus by the optimality of *, we have ||z*|| = 1. If we choose o = || F'|| > max 5. f(x),

then v(a) = 0. Since otherwise we must have v(«) > 0 and ||z*|| = 1, with
v(e) = f(z*) — allz”|* < max f(x) — @ <0,
TES"

which is a contradiction. Moreover, v(0) > 0 simply because F' is a nonzero tensor,
and it is also easy to see that v(«) is non-increasing as o > 0 increases. Hence, there
is a threshold ag € [0, ||[F'||], such that v(a) > 0if 0 < o < ap, and v(a) = 0 if o > .

Suppose there exists a polynomial-time approximation algorithm with a positive
approximation ratio 7 for (Pg) when d > 3. Then for every a > 0, we can find
z € S" in polynomial-time, such that g(a) := f(z) — afz||*> > Tv(a). It is obvious
that g(a) > 0 since v(a) > 0. Together with the fact that g(a) < v(a) we have that
g(a) > 0 if and only if v(a) > 0, and g(«) = 0 if and only if v(a) = 0. Therefore, the
threshold «y also satisfies g(a) > 0if 0 < a < ap, and g(a) = 0 if @ > . By applying
the bisection search over the interval [0, || F'||] with this polynomial-time approximation
algorithm, we can find o and z € S™ in polynomial-time, such that f(z)— agl/2||*> = 0.
This implies that z € S™ is the optimal solution for the problem maxgesn f(x) with
the optimal value g, which is an NP-hard problem mentioned in the beginning of the

proof. Therefore, such approximation algorithm cannot exist unless P = N P. U

The negative result in Proposition 5.2.1 rules out any polynomial-time approxima-
tion algorithm with a positive approximation ratio for (Pg). However a positive relative
approximation ratio is still possible, which is the main subject of this section. Below we
shall first present a polynomial-time algorithm for approximately solving (Pg), which
admits a (relative) worst-case performance ratio. In fact, here we present a general
scheme aiming at solving the polynomial optimization (Pg). This scheme breaks down

to the following four major steps:
1. Introduce an equivalent model with the objective being a homogenous form:;
2. Solve a relaxed model with the objective being a multilinear form;
3. Adjust to get a solution based on the solution of the relaxed model;
4. Assemble a solution for the original inhomogeneous model.

Some of these steps can be designed separately. The algorithm below is one realization

of the general scheme for solving (Pg), with each step being carried out by a specific
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procedure. We first present the specialized algorithm, and then in the remainder of the
section, we elaborate on these four general steps, and prove that in combination they

lead to a polynomial-time approximation algorithm with a quality-assured solution.

Algorithm 5.2.1

e INPUT: an n-dimensional d-th degree polynomial function p(x).

1 Rewrite p(x) — p(0) = F(z, &, - ,x) when x;, =1 as in (5.2), with F being an
————

d
(n + 1)-dimensional d-th order super-symmetric tensor.

2 Apply Algorithm 3.2.8 to solve the problem

max F(z!, 2% .-, 2%

st. keSSt k=1,2,....d
approzimately, with input F and output (', y>,--- ,g9).
=1 = = Ld 2/d d/d
3 Compute (2,22, ,2%) = argmax{F((&yl/ ) (527’1/ JIREE (§d7’1/ )) €€ IBd}.

4 Compute z = arg max {p(O);p (z(8)/zn(B)),B € B and B = HZ:2 Br= 1}7 with
2(8) = Bu(d+ 1)z + 34, Brz".

e OUTPUT: a feasible solution z € S™.

In Step 2 of Algorithm 5.2.1, Algorithm 3.2.3 is called to approximately solve the
spherically constrained multilinear form optimization problem, which is a deterministic
polynomial-time algorithm. Notice the degree of the polynomial p(x) is deemed a fixed
parameter in this thesis, and thus Algorithm 5.2.1 runs in polynomial-time, and is

deterministic too. Our main result in this section is the following:

Theorem 5.2.2 (Pg) admits a polynomial-time approximation algorithm with relative

approximation ratio T(Pg), where

T(Pg) = 2_%((14_ 1)!d_2d(n + 1)—% =0 (n_%> )
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Although homogenization is a natural way to deal with inhomogeneous polynomials,
the worst-case performance ratio does not follow straightforwardly. What is lacking is
that an inhomogeneous polynomial does not allow one to scale the overall function value
along a given direction, which is however an essential operation to prove the quality
bound of the approximation algorithms (see e.g., [87, 75, 50, 77]). Below we study
in detail how a particular implementation of these four steps of the scheme (which
becomes Algorithm 5.2.1) leads to the promised worst-case relative performance ratio
in Theorem 5.2.2. As we shall see later, our solution scheme can be applied to solve a

very general polynomial optimization model (Pg).

5.2.1 Homogenization

The method of homogenization depends on the form of the polynomial p(x). Here
in discussion we assume p(x) to have no constant term, although Algorithm 5.2.1
applies for any polynomial. If p(x) is given as a summation of homogeneous polynomial
functions of different degrees, i.e., fr(x)(1 < k < d) is a homogeneous polynomial

function of degree k, then we may first write

frx(x) = Fp(x,x, -+ - , @) (5.1)
k

with F'j, being a k-th order super-symmetric tensor. Then by introducing a homoge-

nizing variable xp, which is always equal to 1, we may rewrite p(x) as

d d
fel@) =) fel@)zy™ =" Fu(@, @, x)z, "

k=1 k=1 k
- (G ) ()
Zh Th Th

M

where F' is an (n + 1)-dimensional d-th order super-symmetric tensor, whose last com-

M=

p(x) =

T
I

N——
Il
=
\-HI
\.&I
“8|
Il
=
8!
=
x

ponent is 0 (since p(x) has no constant term).

If the polynomial p(x) is given in terms of summation of monomials, we should first
group them according to their degrees, and then rewrite the summation of monomials in
each group as homogeneous polynomial function. After that, we then proceed according

to (5.1) and (5.2) to obtain the tensor form F', as required.
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Finally in this step, we may equivalently reformulate (Pg) as

(Pg) max f(x)

_ T
st. = ( >,
Th

Obviously, we have v(Pg) = v(Pg) and v(Pg) = v(Pg).

5.2.2 Multilinear Form Relaxation

Multilinear form relaxation has proven to be effective, as discussed in Chapter 4. Specif-
ically, Lemma 4.2.1 and Lemma 4.4.3 are the key link formulae. Now we relax (Pg) to

an inhomogeneous multilinear form optimization problem as:
(TPg) max F(z',z?% -,z

k
M.:ﬁz(i,k:Lzuwd

Obviously, we have v(T'Pg) > v(Pg) = v(Pg). Before proceeding, let us first settle the

computational complexity issue for solving (T Pg).
Proposition 5.2.3 (T'Pg) is NP-hard whenever d > 3.

Proof. Notice that in Proposition 3.2.2, we proved the following problem is NP-hard:

max F(x,y,z)
s.t. x,y,ze S

If d = 3 and a special case where F' has the form F, 11, = Fj ni16 = Fjnt1 = 0 for

all 1 <i,j,k <n+1, (I'Pg) is equivalent to the above model, and thus is NP-hard. O

(TPg) is still difficult to solve, and moreover it remains inhomogeneous, since z¥

is required to be 1. To our best knowledge, no polynomial-time approximation algo-
rithm is available in the literature to solve this problem. Furthermore, we shall relax
the constraint xlfL = 1, and introduce the following parameterized and homogenized
problem:
(TPg(t)) max F(z', 22 ---,2%

st ||2f| <t, zF e Rk =1,2,...,d.
Obviously, (T'Pg) can be relaxed to (T Pg(v/2)), since if Z is feasible for (T'Pg) then
|Z]|? = ||=||? + 212 < 14 1 = 2. Consequently, v(T Pg(v/2)) > v(TPg).
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Both the objective and the constraints are now homogeneous, and it is easy to see
for allt > 0, (T'Pg(t)) is equivalent to each other by a simple scaling method. Moreover,
(T'P3(1)) is equivalent to

max F(z!' z2,---, x%)

st. xFestl k=1,2,....d,

which is in the form of (Tg) discussed in Section 3.2. By using Algorithm 3.2.3 and
applying Theorem 3.2.4, (T'Pg(1)) admits a polynomial-time approximation algorithm
with approximation ratio (n + 1)7%. Therefore, for all ¢ > 0, (T'Pg(t)) also admits a
polynomial-time approximation algorithm with approximation ratio (n + 1)_d2;2, and
v(TPg(t)) = tYv(TPg(1)). After this relaxation step (Step 2 in Algorithm 5.2.1), we

are able to find a feasible solution (y', %2, - - - ,y?) of (T Pg(1)) in polynomial-time, such

that
F@hg%- 9% > (n+1)7"F o(TPg(1))
= 275 (n+ 1) o(TPg(V2))
> 27%(n+1)" "2 o(TPs). (5.3)

Algorithm 3.2.3 is the engine which enables the second step of our scheme. In
fact, any polynomial-time approximation algorithm of (T'Pg(1)) can be used as an
engine to yield a realization (algorithm) of our scheme. As will become evident later,
any improvement of the approximation ratio of (I'Pg(1)) leads to the improvement of
relative approximation ratio in Theorem 5.2.2. For example, recently So [108] improved

_d—2
the approximation bound of (T'Pg(1)) to © ((10%")

2

> (though the algorithm is

mainly of theoretical interest), and consequently the relative approximation ratio under
d—2

our scheme is improved to € ((logn) 2) too. Of course, one may apply any other
favorite algorithm to solve the relaxation (T'Pg(1)). For instance, the alternating least
square (ALS) algorithm (see e.g., [68] and the references therein), and the maximum
block improvement (MBI) method of Chen et al. [25], can be other alternatives for the

second step.

5.2.3 Homogenizing Components Adjustment

The approximate solution (g', 92, ---,y%) of (TPg(1)) satisfies ||g*|| < 1 for all 1 <

k < d, which implies ||y*|| < 1, but in general we do not have any control on the size of
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y}]j, and thus (y',%?%,---,9?%) may not be a feasible solution for (T'Pg). The following
lemma plays a link role in our analysis, to ensure that the construction of a feasible

solution for the inhomogeneous model (1'Pg) is possible.

Lemma 5.2.4 Suppose % € R"™ with |2%| < 1 for all 1 < k < d. Let ni,m2, * , N4
be independent random variables, each taking values 1 and —1 with E[ng] = :cfl for all
1 <k <d, and let £,&,--- ,&q be i.i.d. random wvariables, each taking values 1 and

—1 with equal probability 1/2. If the last component of the tensor F is 0, then

i (1) 07)()
(1) (o e

Proof. The claimed equations readily result from the following observations:
d
[l (7)) (7))
) 1 ) 9 1
=1
2,.2 2,.d
[ << )a(mw),---,C?dw))] (multilinearity of F')

- o (x|

Nd
= ia 7

= F(z'z?, - z%), (5.4)

and

G )} (G ol G]) s

and
o[ () () ()]
1 1
d
= (E [(51;13 )] ) [<£2f ﬂ oo E Kgdf ﬂ) (independence of &’s)
= F <<0> 0> ( )> (zero-mean of &’s)
1 1

where the last equality is due to the fact that the last component of F' is 0. U

Lemma 5.2.4 suggests that one may enumerate the 2¢ possible combinations of
((éllyl), (5217’2), e (Edlyd)) and pick the one with the largest value of function F' (or
via a simple randomization procedure), to generate a feasible solution for the inhomo-
geneous multilinear form optimization (7'Pg) from a feasible solution for the homoge-

neous multilinear form optimization (7'Pg(1)), with a controlled quality deterioration.
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It plays a key role in proving the approximation ratio for (7'Pg), which is a byproduct

in this section.

Theorem 5.2.5 (T'Pg) admits a polynomial-time approximation algorithm with ap-

proximation ratio 2”2 (n+1)" 2 .

Proof. Let (g', 92, ,9%) be the feasible solution found in Step 2 of Algorithm 5.2.1

satisfying (5.3), and let n = (91,72, -+ ,nq)" with all n;,’s being independent and taking

values 1 and —1 such that E[ng] = y’,i By applying Lemma 5.2.4, (5.4) explicitly implies

s rwae e () () ()

BeB TI¢_; Be=—1

LY b mF((ﬁll.«/l)?(ﬂzly?),.._,<ﬁd1yd)),

BeB, [Tiy Br=1
and (5.5) explicitly implies
S F Byt (Bey®\  (Bay™\\ _
1) 1) ’ 1
BeBd

Combing the above two equalities, for any constant ¢, we have

w2 errontm=pnE (M) () () 60

BeBY, [T_, Be=1
If we let

c= max Prob{n = 3},
BeB, [Thy r=—1

then the coefficients of each term in (5.6) will be nonnegative. Therefore we are able

to find @ € B?, such that

P (). (, (ﬂélyd)) > P 5 o). (5.7)
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where
—1
0 = (¢c+Prob{n=p8}) + Z (¢ — Prob{n = B})
BeB? Hk 1 Br=1 BEB[T}_, Br=—1
—1
> |24t > Prob {n = B} + 21 — 1)c

BeBd, Hk 1 Bp=1
-1
2 2d1+1+2d1 1) _ 9.

Let us denote z¥ := (B’Qlyk) for k =1,2,...,d. Since ||2*|| = ||8,y"|| < 1, we know that
(21,22, 2%) is a feasible solution for (T'Pg). By combing with (5.3), we have
F(Zlvzzv"' 72d) 2> TOF<@1,y27 77d)
> 279975 (n+ 1)~ "2 v(TPs)
d

g

One may notice that our proposed algorithm for solving (T'Pg) is very similar to
Steps 2 and 3 of Algorithm 5.2.1, with only minor modification at Step 3, namely we
choose a solution in arg max {F ((ﬁllyl), (5217’2), e (5‘“” )) B e Bd} instead of choos-
ing a solution in arg max {F ((ﬂlyll/d), (ﬂ“’f/d), e (5’1y1d/d)) B € IB%d}. The reason to
divide d at Step 3 in Algorithm 5.2.1 (to solve (Pg)) will become clear later. Finally, we
remark again that it is unnecessary to enumerate all possible 2¢ combinations in this
step, as (5.6) suggests that a simple randomization process will serve the same purpose,
especially when d is large. In the latter case, we will end up with a polynomial-time
randomized approximation algorithm; otherwise, the computational complexity of the

procedure is deterministic and is polynomial-time.

5.2.4 Feasible Solution Assembling

Finally we come to the last step of the scheme. In Step 4 of Algorithm 5.2.1, a polar-
ization formula Z(8) = B1(d + 1)2' + Y2¢_, BxZ* with B8 € BY and 8; = [[¢_, B = 1
is proposed. In fact, searching over all 8 € B¢ will possibly improve the solution,

although the worst-case performance ratio will remain the same. Moreover, one may

1

choose z! or any other z* to play the same role here; alternatively one may enumerate

Be(d + 1)2° + ZlSde’k# BrzF over all B € BY and 1 < ¢ < d, and take the best
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possible solution; again, this will not change the theoretical performance ratio. The
polarization formula at Step 4 of Algorithm 5.2.1 works for any fixed degree d, and we
shall complete the final stage of the proof of Theorem 5.2.2. Specifically, we shall prove
that by letting

= arg max N ﬁ dan = : =
z = arg {p(oxp(%(m),ﬁeﬁ dﬁl—gﬁk—l}

with 2(8) = f1(d + 1)2' + ¢, Brz", we have
p(z) —u(Ps) = 7(Ps) (v(Ps) —u(Ps)) . (5.8)

First, the solution (2',22,---,2%) as established at Step 3 of Algorithm 5.2.1
satisfies ||2¥|| < 1/d (notice we divided d in each term at Step 3) and 2f = 1 for

k=1,2,...,d. A same proof of Theorem 5.2.5 can show that

3d d—
2 2

F(z4,22, 20 >d 2 5 (n+ 1) o(TPs) > 2 5d 4n+1)""2 v(Ps). (5.9)
It is easy to see that

2 < |z,(B)] < 2d and ||z(8)|| < (d+1)/d+ (d — 1)/d = 2. (5.10)

Thus 2(8)/z,(B) is a feasible solution for (Pg), and so f(2(8)/zr(8)) > v(Pg) = v(Pg).

Moreover, we shall argue below that
B =1= f(2(8)) > (2d)" v(Ps). (5.11)

If this were not the case, then f(2(5)/(2d)) < v(Pg) < 0. Notice that 5 = 1 implies

zn(B) > 0, and thus we have

(50 - () v (50) =1 (5) <o

which contradicts the feasibility of z(5)/zx(8).

Suppose &1, &9, - -+ , &y are i.i.d. random variables, each taking values 1 and —1 with

equal probability 1/2. By the link Lemma 4.2.1, noticing that f (2(—¢)) = f (—2(¢)) =



84 5 Polynomial Optimization with Convex Constraints

(—=1)%f (2(€)), we have

d
dF ((d+ 1z, 22, ,zd) —E Hgkf(z(g))]
d kll d
=-E [f ) |a=1]]&=1 —4EfEE) =1, 14 = —1]
1 k=2 ; 1 k=2 ;
—4E [f ) |a=-1]]&= +1E S (Z©) )& =-1, 114 = —1]
1 , k=2 1 ; k=2
=1F [f @) |a=1]]a=1-BE|f@EE)|a=1]]a= —1]
k=2 k=2
d
—E[f((—é)) a=1L]l&=C0""+E | f D)) ja=1, kaf ]
k=2

d
1B [ (7 (2(0) — (2a)'u(Py)) &—LH&——l]
k=2
_1yd-1 d
P m | (£ @) - @ opy) |6 =1 &= ]
k=2
(—1)? _ : - a
+ B | (1) - Calury) |6 =1L &= (1)
k=2

< SE [(f (2(9) — (2d)"v(Py))

d
a=1]]&= 1] : (5.12)
k=2

where the last inequality is due to (5.11). Therefore, there is a binary vector 3 € B?
with 8] = Hk 5 B, =1, such that

F(Z(8)—(2d)"u(Ps) > 2d\F((d+1)2, 22, -, 2%) > 27 F 71 (a4 1)ld~(n+1) " F 0(Py),

where the last step is due to (5.9).

Below we argue z = arg max {p(O);p (2(8)/21(B)),B € BY and 1 = Hi:z Br = 1}
satisfies (5.8). In fact, if —v(Pg) > 7(Pg) (v(Pg) —v(Pg)), then O trivially satis-
fies (5.8), and so does z in this case. Otherwise, if —v(Pg) < 7(Pg) (v(Pg) — v(Pg)),
then we have

o(Pg) > (1 (Ps)) (o(Pg) — u(Pg)) > ") TS),
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which implies

P (Z) -utPo)= (202 S @ ) F ol 2 () (o)~ w(P).

The above inequality also implies that f (2(8')/(2d)) > 0. Recall that 8] = 1 implies
zp(B') > 0, and thus 2d/z,(8") > 1 by (5.10). Therefore, we have

=0 (30) =1 (5i) = (5m) + (5r) 2 (57

This shows that z satisfies (5.8) in both cases, which concludes the whole proof.

5.3 Polynomial with Ellipsoidal Constraints

In this section, we consider an extension of (Pg), namely

(Pg) max p(x)
st. 2'Qux<1,i=1,2,...,m,

r € R,

where Q; = 0 for i =1,2,...,m, and > ;" , Q; > 0. Since p(x) is assumed to have no
constant term, we know that v(Pg) <0 < v(Pg).

Here, like in Section 5.2, we propose a polynomial-time randomized algorithm for
approximately solving (Pp), with a worst-case relative performance ratio. The main

algorithm and the approximation result of this section is the following.

Algorithm 5.3.1

e INPUT: an n-dimensional d-th degree polynomial function p(x), matrices Q; €
R™"™ Q; =0 for all1 <i<m with) ;~, Q; > 0.

1 Rewrite p(x) —p(0) = F(z,&,--- ,x) when x5, =1 as in (5.2), with F being an
————
d

(n + 1)-dimensional d-th order super-symmetric tensor.

2 Apply Algorithm 3.8.2 to solve the problem

max F(z!' z2%,---, z%)

Q; 0

st. ()T
of 1

zF<1,k=1,2,...,d,i=1,2,....m

approzimately, and get a feasible solution (y*, 4%, --- ,y?).
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3 Compute (21,22, ,2%) = argmax{F((glﬁl/d), (523/12/‘1), e (gdyld/d)) €€ IBSd}.

4 Compute z = arg max {p(O);p (z(B)/zn(B)),B € B and = HZ:2 Br= 1}, with
2(8) = Bi(d + 1)2" + Xp, Bz

e QUTPUT: a feasible solution z € R™.

Theorem 5.3.1 (Pg) admits a polynomial-time randomized approximation algorithm
with relative approzimation ratio T(Pg), where

5d
2

T(Pg):=2"2 (d+ 1)!d > (n+ 1)~F°Q (1ng(d71) m) _0 (n,% log— (@D m) ‘

Our scheme for solving general polynomial optimization model (Pg) is similar to
that for solving (Pg) in Section 5.2. The main difference lies in Step 2, where a different
relaxation model requires a different solution method to cope with. The method in
question is Algorithm 3.3.2.

The proof of Theorem 5.3.1 is similar to that of Theorem 5.2.2. Here we only
illustrate the main ideas and skip the details.

By homogenizing p(x) who has no constant term, we may rewrite (FPg) as

(Pg) max f(z)
_ T
st. = < ),
Zh
2'Qx <1, xcR" i=1,2,...,m,
zp = 1,
which can be relaxed to the inhomogeneous multilinear function problem
(TPy) max F(z' 2 .-, z9

k

st oz = <mk>,k:1,2,...,d7

X
h

()TQxF <1, zF e R™, k=1,2,...,d,i=1,2,...,m,
ah=1,k=12,....d,

where F(z,z, - ,&) = f(&) with F being super-symmetric. We then further relax
—_———

d
(TPg) to the multilinear form optimization model (T Pg(v/2)), with

(TPQ(t)) max F(il’i’a”' 753(1)
@)TQzr <2, k=1,2,...,d,i=1,2,...,m,
Zh e R E=1,2,....d,
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_ .0
where Q,; = @ fori=1,2,....m
0T 1
By Theorem 3.3.4, for any ¢t > 0, (T'Pg(t)) admits a polynomial-time randomized
approximation algorithm with approximation ratio (n + 1)_%Q <log7(d71) m), and
v(TPg(t)) = t¢v(TPg(1)). Thus the approximate solution (y',y?,---,y?) found by

Step 2 of Algorithm 5.3.1 satisfies

F('gl,QQ, e ’@d) > (n+ 1)— 0 (10g (d—1) m) v(TPg(1))
= (V2 U+ )75 Q (log™ " m) o(TPo(v2))
> 27 g(n +1)” N (log*(dfl) m) v(TPg).

Noticing that (yF)? < (¥*)TQ,y* <1 for k = 1,2,...,d, we again apply Lemma 5.2.4
o (g, 9% -+, 9%, and use the same argument as in the proof of Theorem 5.2.5.

Let c = MaXgepa 145 - Prob {n = B}, where n = (n1,m2,--- ,1m4)T and its com-
ponents are independent random variables, each taking values 1 and —1 with E[n;] = yﬁ

for k=1,2,...,d. Then we are able to find a binary vector 3’ € B¢, such that

() () ()

v

TOF(gla ’!727 T 7@d)

v

2_dF(y17 @27 e a@d)
> 2_%(72 + 1)_%9 <log_(d_1) m) v(TPg).

This proves the following theorem as a byproduct.

Theorem 5.3.2 (T'Py) admits a polynomial-time randomized approzimation algorith-

m with approximation ratio 2737d(n + 1)’%{2 (log_(d—l) m)

To prove the main theorem in this section (Theorem 5.3.1), we only need to check
the feasibility of z generated by Algorithm 5.3.1, while the worst-case performance
ratio can be proven by the similar argument in Section 5.2.4. Indeed, (2!, 22,--- , z%)

at Step 3 of Algorithm 5.3.1 satisfies
(2M)TQizF <1/d® Vi<i<m1<k<d

For any binary vector 3 € B9, as z(8) = pi(d + 1)z' + Zzzz Brz*, we have 2 <

|z1(B)| < 2d. Noticing by the Cauchy-Schwarz inequality,

(29)7Qi2" < 1Q;2 2| - |1Q;22"|| < 1/d® VY1<i<m,1<jk<d,
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it follows that

(z(B))'Q,z(B) <2d-2d-1/d> =4 V1<i<m.

Thus z(8)/zn(B) is a feasible solution for (Pg), which implies z is also feasible.

To conclude this section, we remark here that (Pp) includes as a special case the

optimization of a general polynomial function over a central-symmetric polytope:

max p(x)
st. —1<(a)Te<1,i=1,2,...,m,
x € R",
with rank (a',a?,--- ,a™) = n.

5.4 Polynomial with General Convex Constraints

In this section we study polynomial optimization model in a generic constraint format:

(Pa)

max p(x)

st. xed,

where G C R"™ is a given convex compact set. As before, we derive polynomial-time

approximation algorithms for solving (Pg). Our approaches make use of the well known

Léwner-John ellipsoids (see e.g., [20, 86]), which is the following:

Theorem 5.4.1 Given a convex compact set G C R™ with non-empty interior.

1. There exists a unique largest volume ellipsoid {Ax + a|x € S} C G, whose n

times linear-size larger ellipsoid {nAx +a|x € S*} D G, and if in addition G is

central-symmetric, then {\/nAx +a|x € S"} D G;

2. There exists a unique smallest volume ellipsoid {Bx +b|x € S*} D G, whose n

times linear-size smaller ellipsoid {Bx/n+b|z € S*} C G, and if in addition G

is central-symmetric, then {Bx//n+b|x € S"} C G.

Armed with the above theorem, if we are able to find the Loéwner-John ellipsoid

(either the inner or the outer) of the feasible region G in polynomial-time, then the

following algorithm approximately solves (Pg) with a worst-case performance ratio.
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Algorithm 5.4.1

e INPUT: ann-dimensional d-th degree polynomial function p(x) and a set G C R™.

1 Find a scalar t € R, a vector b € R™, and a matric A € R™™ with rank (A) =
m < n, such that two co-centered ellipsoids By = {Au +b|u € S™} and Fy =
{tAu +b|u € S} satisfy By C G C Es.

2 Compute a polynomial function po(u) = p(Au + b) of variable u € R™.
3 Apply Algorithm 5.2.1 with input po(x) and output y € S™.
4 Compute z = Ay + b.

QUTPUT: a feasible solution z € G.

The key result in this section is the following theorem.

Theorem 5.4.2 If S* C G C tS" := {x € R"|||z|| < t} for some t > 1, then (Pg)
admits a polynomial-time approximation algorithm with relative approximation ratio

7(Pg)(t), where
) =2 M a0 1) 51y = )

Proof. By homogenizing the object function of (Pg), we get the equivalent problem

(Pg) max f(x)

_ x
s.t. = < >,
Th

xeG, xp=1,

(TPg) max F(z' 2% --- z%)

b
k
_ T
s.t. zh = < k
Ly,
G



920 5 Polynomial Optimization with Convex Constraints

Recall that in Section 5.2.2, we have defined
(Tpg(t)) max F(i17i27 e 7:'i:d)
st. ||&F|| <t, 2" e R E=1,2,...,d.
As ¥ € G C tS", it follows that ||Z*| < v#2 + 1in (TPg). Therefore, (T Pg(v/12 + 1))
is a relaxation of (T Pg), and v(T Pg(v/t2 + 1)) > v(TPg) > v(Pg) = v(Pg). The rest of
the proof follows similarly as that in Section 5.2.4. Specifically, we are able to construct

a feasible solution € S C G in polynomial-time with a relative performance ratio

7(Pg)(t). n

Observe that any ellipsoid can be linearly transformed to the Euclidean ball. By a

variable transformation if necessary, we are led to the main result in this section.

Corollary 5.4.3 Given a bounded set G C R™, if two co-centered ellipsoids F1 =
{Au + b|u € S} and By = {tAu+ b|u € S*} can be found in polynomial-time,
satisfying E1 C G C Es, then (Pg) admits a polynomial-time approximation algorithm

with relative approximation ratio T(Pg)(t).

We remark that in fact the set G in Theorem 5.4.2 and Corollary 5.4.3 does not
need to be convex, as long as the two required ellipsoids are in place. However, the
famous Lowner-John theorem guarantees the existence of such inner and outer ellipsoids
required in Corollary 5.4.3 for any convex compact set, with ¢ = n for G being non-
central-symmetric, and ¢ = /n for G being central-symmetric. Thus, if we are able to
find a pair of ellipsoids (F1, E2) in polynomial-time for G, then (Pg) can be solved by a
polynomial-time approximation algorithm with relative approximation ratio 7(Pg)(t).
Indeed, it is possible to compute in polynomial-time the Lowner-John ellipsoids in
several interesting cases. Below is a list of such cases (assuming G is bounded); for the

details one is referred to [20, 86]:
e G={zeR"|(a)Tx<b,i=1,2,...,m};

G = conv {x!, 22, --- ,x™}, where &' € R" for i = 1,2,...,m;

G =", E;, where E; is an ellipsoid in R" for i = 1,2,...,m;

G = conv{{J;~, E;}, where E; is an ellipsoid in R" for i = 1,2,...,m;

G=Y" E ={3" 2 |z' € E;,i=1,2,...,m}, where E; is an ellipsoid in
R” fori=1,2,...,m.
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By Corollary 5.4.3, and the computability of the Lowner-John ellipsoids discussed
above, we conclude that for (Pg) with the constraint set G being any of the above
cases, then there is a polynomial-time approximation algorithm with a relative approx-
imation quality assurance. In particular, the ratio is 7(Pg)(y/m) = Q (nf%mfa for
the last case, and is 7(Pg)(n) = Q (n_SdTiQ> for the other cases.

We also remark that (Pp) @ maxzrg p<ii—12,.,mP(€) discussed in Section 5.3,
may in principle be solved by directly applying Corollary 5.4.3 as well. If we adopt
that approach (Algorithm 5.4.1), then the relative approximation ratio is 7(Pg)(yv/n) =
Q (n_MT_Q), which prevails if m is exceedingly large. Taking the better one, the quality
ratio in Theorem 5.3.1 can be improved to {2 (max {nf% log_(d_l) m, n=2%5" })

Our investigation quite naturally leads to a question which is of a general geometric
interest itself. Consider the intersection of m co-centered ellipsoids in R™ as a geometric
structure. Denote &, ,, to be the collection of all such structures, or more specifically

Emm = {m{xeR”\mTingl}‘ Q, ~-0fori=1,2,...,m and ZQZ->O}.

i=1 i=1

For any central-symmetric and convex compact set G C R™ centered at b, there exists
Enn € Emp and t > 1, such that b+ E,,,, C G C b+ tE,,,. Obviously, one can

naturally define

t(Gym,n) = inf {t| By pn € Emp such that b+ E,,,, CG Cb+tEy, »},

O(m,n) := sup {t(G;m,n) |G C R" is convex compact and central-symmetric}.

The famous Lowner-John theorem states that 6(1,n) = y/n. Naturally, 6(co,n) = 1,
because any central-symmetric convex set can be expressed by the intersection of an
infinite number of co-centered ellipsoids. It is interesting to compute #(m,n) for general
m and n. Of course, it is trivial to observe that #(m,n) is monotonically decreasing in m
for any fixed n. Anyway, if we are able to compute #(m,n) and find the corresponding
E,, ., in polynomial-time, then Theorem 5.3.1 suggests a polynomial-time randomized
approximation algorithm of (Pg) with relative approximation ratio (6(m, n))~%r(Pg) =

Q ((Q(m, n))_dn7d2;2 log~—(@—1) m) .

5.5 Applications

The generality of the polynomial optimization models studied in this chapter have

versatile applications. In order to better appreciate these models as well as the approx-
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imation algorithms presented, in this section we shall discuss a few detailed examples
rising from real applications, and show that they are readily formulated by the inho-

mogeneous polynomial optimization models in this chapter.

5.5.1 Portfolio Selection with Higher Moments

The portfolio selection problem dates back to early 1950°, when the seminal work
of mean-variance model was proposed by Markowitz [81]. Essentially, in Markowitz’s
model, the mean of the portfolio return is treated as the ‘gain’ factor, while the variance
of the portfolio return is treated as the ‘risk’ factor. By minimizing the risk subject to

certain target of reward, the mean-variance model is as follows:

(MV) min zT3x
s.t. uTm = Lo,
eflz=1 >0 xR,
where g and ¥ are the mean vector and co-variance matrix of n given assets respec-
tively, and e is the all one vector. This model and its variations have been studies
extensively along the history of portfolio management. Despite its popularity and orig-
inality, the mean-variance model certainly has drawbacks. An important one is that it
neglects the higher moments information of the portfolio. Mandelbrot and Hudson [78]
made a strong case against a ‘normal view’ of the investment returns. The use of higher
moments in portfolio selection becomes quite necessary, i.e., involving more than the
first two moments (e.g., the skewness and the kurtosis of the investment returns) if they
are also available. That problem has been receiving much attention in the literature
(see e.g., de Athayde and Flore [10], Prakash et al. [96], Jondeau and Rockinger [60],
Kleniati et al. [64], and the references therein). In particular, a very general model

in [64] is

(PM) max ap 'z —Bx'Sxz+ v Dot k=1 SigkTT Tk — O Yy oy KijkeTiTjTRTe
st. etxz=1>0,zecR",
where p, 3, (Gijk), (kijre) are the first four central moments of the n given assets. The
nonnegative parameters «, 3,y, d measure the investor’s preference to the four moments,
and they sum up to one, i.e., a+8+~v+d=1.
In fact, the mean-variance model (M V') can be taken as a special case of (PM) with

v =6 = 0. The model (PM) is essentially in the frame work of our model (Pg), as
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the constraint set is convex and compact. By directly applying Corollary 5.4.3 and the
discussion on its applicability in a polytope, it admits a polynomial-time approximation

algorithm with relative approximation ratio (2 (n_5).

5.5.2 Sensor Network Localization

Suppose in a certain specified region G C R?, there are a set of anchor nodes, denoted by
A, and a set of sensor nodes, denoted by S. What we have known are the positions of the
anchor nodes @’ € G (j € A), and the (possibly noisy) distance measurements between
anchor nodes and sensor nodes, and between two different sensor nodes, denoted by
dij(i € S,j € SUA). The task is to estimate the positions of the unknown sensor
nodes ' € G (i € S). Luo and Zhang [77] proposed a least square formulation to this

sensor network localization problem. Specifically, the problem takes the form of

. . . 2 . ) 2
(SNL) min 3, e (l2' — 27|* — dij?)” + Ficsjea (l2° — o/[* — dij?)

st. xz'eG,icsS.

Notice that the objective function of (SN L) is an inhomogeneous quartic polynomial
function. If the specified region G is well formed, say the Euclidean ball, an ellipsoid, a
polytope, or any other convex compact set that can be sandwiched by two co-centered
ellipsoids, then (SNL) can be fit into the model (Pg) in the following way. Suppose
Ei C G C Ey with F; and Es being two co-centered ellipsoids, we know by the
Lowner-John theorem that Fs is bounded by three times larger of E; in linear size
(for the Euclidean ball or an ellipsoid it is 1, for a central-symmetric G it is less than
V3, and for a general convex compact G it is less than 3). Denote the number of
DT (@)T,---, (@"T)" € R, Then

sensor nodes to be n = |S|, and denote = ((z')7, (x

x € GXGxX---x G, and this feasible region can be sandwiched by two co-centered

n
sets B X E1 X --- x Fq and Ey X Fy X --- X Ey, which are both intersections of n co-

n n
centered ellipsoids, i.e., belonging to &, 3,. According to the discussion at the end
of Section 5.4, and noticing in this case t(G;n,3n) < 3 is a constant, (SNL) admits
a polynomial-time randomized approximation algorithm with relative approximation

ratioQ( L )

nlog>n
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5.6 Numerical Experiments

In this section, we present some preliminary test results for the approximation al-
gorithms proposed in this chapter, to give the readers an impression about how our
algorithms work in practice. We shall focus on (Pg) with d = 4, specifically, the model

being tested is

(EPg) max p(x) = Fi(z,x,x, )+ F3(x,x,x) + Fa(x, x) + Fi(x)

st. =z eSS,

where Fy € R”4, Fj e ]R”3, Fsy € R™ and F1 € R™, are super-symmetric tensors of

orders 4, 3, 2 and 1, respectively.

5.6.1 Randomly Simulated Data

A fourth order tensor F', is generated randomly, whose n* entries follow i.i.d. standard
normals. We then symmetrize Fj to form the super-symmetric tensor F4 by averaging
the related entries. The other lower order tensors F'3, F9 and F'; are generated in
the same manner. We then apply Algorithm 5.2.1 to get a feasible solution with its
objective value denote by v, which has a guaranteed worst-case performance ratio.

For the purpose of making a comparison, we also compute an upper bound of the
optimal value of (EPg). Like in (5.2), we may let F(Z,Z,Z,2Z) = f(Z) = p(x) when
zp, =1, and F € R(+D* jg super-symmetric. (EPg) can be relaxed to

max F(z,z,z,T)

st. |z < V2, & e R

Let y = vec(zz™) € R™D? and rewrite F as an (n+1)2 x (n+ 1)2 matrix F. (EPg)

is further relaxed to
max F'(y,y) =y " F'y

st |yl <2,y e ROV,
The optimal value of the above problem is ¥ = 4 Apax(F"), which is taken as an upper
bound of v(EPg).

By Theorem 5.2.2, Algorithm 5.2.1 possesses a theoretic worst-case relative perfor-
mance ratio of 2719 . 5!. 478(n + 1)1 = Q(1/n). The numerical simulation results of
(EPg) are listed in Table 5.1. Based on the observation, by comparing with the upper
bound v (which might be very loose), the absolute performance ratio 7 := v/ is about

Q(1/y/n), rather than a theoretical relative ratio Q(1/n).
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Table 5.1: Numerical results (average of 10 instances) of (EPg)

n 3 5 10 20 30 40 50 60 70
v 0.342 0434 0.409 0915 0.671 0499 0.529 0.663 0.734
v 10.5 16.1 26.7 51.7 74.4 978 121.1 143.6 167.1

7 (%) 3.2567 2,696 1.532 1770 0.902 0.510 0437 0.462 0.439
n-T 0.098 0.135 0.153 0354 0.271 0204 0.218 0.277 0.307
vn-T 0056 0.060 0.048 0.079 0.049 0.032 0.031 0.036 0.037

With regard to the computational efforts, we report that Algorithm 5.2.1 ran fairly
fast. For instance, for n = 70 we were able to get a feasible solution within seconds,
while computing the upper bound v costed much more computational time. For n > 80,
however, our computer reported to run out of memory in the experiments, a problem

purely due to the sheer size of the input data.

5.6.2 Local Improvements

The theoretical worst-case performance ratios that we have developed so far are cer-
tainly very conservative, as observed in the previous subsection. It will be desirable to
design a more realistic procedure to know how good the solutions actually are. One
point to note is that we can always improve the quality of the solution by applying a
local improvement procedure on our heuristic solutions. In the Matlab environment,
such local search procedure is readily available, e.g., the fmincon function in Matlab
7.7.0 (R2008b), which finds a local KKT point starting from the feasible solution that
we provide. In our experiments, we find that the fmincon function works well at least
for the low dimensional problems. In particular, for our test cases, it works quite stably
up to n = 10.

In order to evaluate the true quality of our approximate solutions it is desirable to
probe the optimal values, instead of using the loose upper bounds. For this purpose
we set up the following experiments. In this set of experiments we restrict ourselves to
the low dimensional cases, say n < 10. First we take the feasible approximate solution
(which has an objective v) as a starting point to be followed by the local improvement
procedure of the fmincon function to obtain a KKT solution, and denote its objective

value to be vy. Then we use a brutal force approach to randomly sample 1,000 feasible
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Table 5.2: Numerical objectives of (EPg) with local improvements for n =5

Instance 1 2 3 4 5 6 7 8 9 10
v 035 047 008 040 0.17 013 0.07 178 0.32 0.53
vy 416 485 424 399 428 649 6.46 6.42 514 6.84
v} 4.16 485 424 399 428 649 6.46 6.42 514 6.84
v 14.33 14.92 14.88 15.62 17.59 14.34 15.60 19.12 13.63 15.01

Table 5.3: Numerical objectives of (EPg) with local improvements for n = 10

Instance 1 2 3 4 ) 6 7 8 9 10
v .51 124 0.8 028 0.09 0.12 030 036 035 0.61
vy 898 7.74 974 871 814 11.24 982 775 9.18 11.08
v} 9.70 774 974 890 814 1124 982 785 9.18 11.08
v 26.67 24.88 28.06 28.75 27.82 26.99 26.92 27.75 27.83 27.10

solutions, followed by the same local improving fmincon function in Matlab. We then
pick the best one as the proxy of the true optimal solution, and denote its objective
value to be v;‘é. This is doable for the case n < 10 in our computational environment.
For the case n = 5 and n = 10 respectively, we generate 10 random instances
of (EPg). The solutions obtained, as described above, are shown in Table 5.2 and
Table 5.3 respectively. The results are quite telling: Algorithm 5.2.1 together with
fmincon yields near optimal solutions, at least for low dimension problems. However
for problems in high dimensions, a stable local improvement procedure is a nontrivial

task, interested readers are referred to a recent paper by Chen et al. [25].



Chapter 6

Polynomial Optimization with

Binary Constraints

6.1 Introduction

We shift the focus from continuous optimization models in previous chapters, to discrete
optimizations. In fact, a very large class of discrete optimization problems have their
objectives and constraints being polynomials, e.g., the graph partition problems, the
network flow problems. In particular, this chapter is concerned with the models of opti-
mizing a polynomial function subject to binary constraints, with the objective focusing
on the four types of polynomial functions mentioned in Section 2.1.1. Specifically, the

models are

(Tg) max F(x' x? - x9)

st. xFeB™ k=1,2,...,d;

(Hp) max f(z)

s.t.  x e B

(MB) max f(wlamQa"'vms)

st. xFeB™ k=1,2,...,s;

(Pp) max p(x)
s.t. xeB"™

These four models are discussed sequentially, each one in one chapter. The lat-

ter model generalizes the former one, and each generalization has its own approach

97
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and technique to cope with. The last model, (Pp), is indeed a very general discrete
optimization model, since in principle it can be used to model the following general

polynomial optimization problem in discrete values:

max p(x)

st.  m€{ay,ah, - ap,, b i=1,2,...,n

We also discuss polynomial optimizations over hypercubes as some byproducts of this
chapter. They are models (T3), (Hp), (Mg) and (Pg), i.e., the respective models (T),
(Hg), (Mp) and (Pg) with B being replaced by B.

All the models are unfortunately NP-hard when the degree of the objective poly-
nomial d > 2, albeit they are trivial when d = 1. This is because each one includes

computing the matrix co — l-norm (see e.g., [5]) as a subclass, i.e.,

|Flloos: = max ()T Fa?

st. xleB™, x? c B2,

which is also the exact model of (Tg) when d = 2. The matrix oo — 1-norm is related
to so-call the matrix cut-norm, the current best polynomial-time approximation ratio
for matrix oo +— 1-norm as well as the matrix cut-norm is M ~ (.56, due to
Alon and Naor [5]. Huang and Zhang [59] considered similar problems for the complex
discrete variables and derived constant approximation ratios. When d = 3, (Tp) is
a slight generalization of the model considered by Khot and Naor [63], where F' is
assumed to be super-symmetric (implying ny = ng = n3) and square-free (Fj;, = 0
whenever two of the three indices are equal). The approximation bound of the optimal
value given in [63] is §2 (\/107%1>

For the model (Hp), its NP-hardness for d = 2 can also be derived by reducing to the
max-cut problem, where the matrix F' is the Laplacian of a given graph. In a seminar
work by Goemans and Williamson [40], a polynomial-time randomized approximation
algorithm is given with approximation ratio 0.878, by the well known SDP relaxation
and randomization technique. The method is then generalized by Nesterov, who in [88]
proved a 0.63-approximation ratio for (Hp) when the matrix F' is positive semidefinite.
A more generalized result is due to Charikar and Wirth [24], where an € (1/logn)-
approximate ratio for (Hp) is proposed when the matrix F' is diagonal-free. If the
degree of the objective polynomial goes higher, the only approximation result in the

literature is due to Khot and Naor [63] in considering homogeneous cubic polynomial,
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where an (2 1Ofin>—approximation bound is provided when the tensor F' is square-
free. In fact, square-free (or in the matrix case diagonal-free) is some kind of necessary
condition to derive polynomial-time approximation algorithms (see e.g., [4]). Even in
the quadratic case, there is no polynomial-time approximation algorithm with a positive
approximation ratio for the general model (Hp) unless P = NP.

In this chapter we propose polynomial-time randomized approximation algorithms
with provable worst-case performance ratios for all the models mentioned in the begin-
ning, provided that the degree of the objective polynomial is fixed. Section 6.2 discusses
the model (7). Essentially, we apply a similar approach as in Chapter 3, by relaxing
the multilinear form objective to a lower order multilinear form. However the discrete
natural makes the problems quite different as the continuous ones in Chapter 3, and a
novel decomposition routine is proposed in order to derive the approximation bound.
Section 6.3 and Section 6.4 discuss models (Hp) and (Mp), respectively. Both of them
use multilinear form relaxations, armed with two different versions of link identities, in
order to preserve the approximation bounds under the square-free property. General
model (Pp) is discussed in Section 6.5, where the homogenization technique in Chap-
ter 5 is modified and applied. All these approximation algorithms can be applied to
polynomial optimizations over hypercubes, and we also brief the results in Section 6.5
as some byproducts. Some specific applications for the discrete models and approxi-
mation algorithms proposed in this chapter will be discussed in Section 6.6. Finally,

we report our numerical experiment results in Section 6.7.

6.2 Multilinear Form with Binary Constraints

Our first discrete model in question is to maximize a multilinear function in binary

variables, specifically

(Tg) max F(x!' 22 -, z9

st. xFeB™ . k=1,2,...,d,

where n1 < ng < --- < ny.
This model is NP-hard when d > 2, and we shall propose polynomial-time random-
ized approximation algorithms with worse-case performance ratios. The case of d = 2

is to compute || F||oors1, Whose best approximation bound is M ~ 0.56, due to
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Alon and Naor [5]. It also servers as a basis in our subsequence analysis. When d = 3,
Khot and Naor [63] proposed a randomized procedure to compute the optimal value of
(T'’B) in polynomial-time, with approximation bound 2 (\/@)

Our approximation algorithm works for general degree d based on recursion, and is
fairly simple. We may take any approximation algorithm for the d = 2 case, say the
algorithm by Alon and Naor [5], as a basis. When d = 3, noticing that any n; x ng x ng
third order tensor can be rewritten as an nino X ng matrix by combining its first and

second modes, (T5) can be relaxed to

max F(X,x%)
st. X e BMm2, 23 € B,

This problem is the exact form of (T5) when d = 2, which can be solved approximately

with approximation ratio M Denote its approximate solution to be (X ,3%3).
The next key step is to recover (&!,2?) from X. For this purpose, we introduce the
following decomposition routine, which plays a fundamental role in our algorithms for

binary variables, similar as DR 3.2.1, DR 3.2.2 and DR 3.3.1 in Chapter 3.

Decomposition Routine 6.2.1

e INPUT: matrices M € R™M*"2 X ¢ B"1*"2,

1 Construct
X_ In1 Xni X/ \Y4 ni
xv/m XTX/ny

2 Randomly generate

£ -
~ N(Onﬁ-nzv X)
n
and compute ' = sign (§) and x* = sign(n), and repeat if necessary, until

(x")TMx? > %\/EMQX.

e OUTPUT: vectors ' € B™, x? € B"2.

The complexity for DR 6.2.1 is O (n1n2) in each trial with expectation. Now, if we
let (M,X) = (F(-,-, 333), X) and apply DR 6.2.1, then we can prove that the output
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(x!, 2?) satisfies

L 5 3u o g 2MeX 2F(X,&%) _ 4ln(1+v?2)
E[F(w7w7w)]_E[<w)Mw]2 7_{_\/771 - 7_(_\/771 Z 7_[.2\/771

which yields an approximation ratio for d = 3. By a recursive procedure, this approxi-

U(TB)v

mation algorithm is readily extended to solve (Tp) with any fixed degree d.

Theorem 6.2.1 (Tg) admits a polynomial-time randomized approximation algorithm
with approxzimation ratio 7(Tp), where

7(Tg) = (i)d_lln (1+v2) Cﬁjnk) % —Q <ﬁnk>

Proof. The proof is based on mathematical induction on the degree d. For the case

of d = 2, it is exactly the algorithm by Alon and Naor [5]. For general d > 3, let

X = a:l(ar:d)T and (Tg) is then relaxed to

(Tp) max F(X,x% 3 .- xi)
st. X e Bmnd,
xFeB™, k=2,3,...,d—1,
where we treat X as an ning-dimensional vector, and F € R™17aXM2XN3X"XNd—1 gg g
(d — 1)-th order tensor. Observe that (T3) is the exact form of (T) in degree d — 1,
and so by induction we can find X € B and &* € B (k = 2,3,...,d — 1) in

polynomial-time, such that

AV

F (X i?.a° . ,:zcdfl) (2/m)421n (1 + V2) ( -2,

)
(2/m)2m (1+v2) (TT{=3m) * o(Th).

Y

Rewrite X as an n; X ng matrix, construct

X* In1><n1 X/\/nl
X'/ X' X/m

- I

as in DR 6.2.1, and randomly generate

: NN(Om-i-nd’X)'

n

Let &' = sign (£) and & = sign (n). Noticing that the diagonal components of X are
all ones, by an expectation identity in Goemans and Williamson [40], it follows that

a2 Xy 2 .
E [mlmd] = Zarcsin —L = = X; arcsin

v T N/ N

V1<i<mn,1<j<ng
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where the last equality is due to |X,]] = 1. Let matrix Q = F(-, &% a3, - 2t :),

and we have

Bl

~1 2

€T 7:[: st

v

§ : ~1 A ~d

1<i<ng,1<j<ng

> Qi B [@1 fﬂ

1<i<ng,1<j<ng

A 2 A 1
g Q;; — X;j arcsin ——
1 7

. . Tr Y V1
1<i<ni,1<j<ng

2 . 1 A A
— arcsin —— g Qi Xij
T ny .. ,
1<i<ng,1<j<ng
2 o1 A9 . d—
—arcsin —— F' (X,ac2,m3, ezl 1) (6.1)
™ A/ N1

1
2

) e )
<72r>d1 . (1_’_\/5) (ﬁnk>_ v(Tp).
k=1

[SIE

Thus &' and 2¢ can be found by a randomization process, which concludes the induction

step.

O

To summarize this section, the algorithm for solving general model (75) is attached

below. This algorithm is similar to Algorithm 3.2.3, with major differences lying in

different decomposition routines and the computability for the case of d = 2.

Algorithm 6.2.2

o INPUT: a d-th order tensor F € R™M*"2X"XNd yith nqg < ng < --- < ng.

1 Rewrite F as a (d — 1)-th order tensor F' € R"2X"sX " XNa-1Xnan1 phy combing its

first and last modes into one, and placing it in the last mode of F', i.e.,

Fi17i27'

td T

12,03, id—1,(11—1)ng+iq

V].SZ]_STL:[,].S’LQS”Q,,1§'Ld§nd

2 For (Tg) with the (d — 1)-th order tensor F': if d — 1 = 2, then apply SDP

relazation and randomization procedure (Alon and Naor [5]) to obtain an approz-

imate solution (&

Tecursion.

27ﬁ31’d

); otherwise obtain a solution (&

2 A
’m y Ut

3 id*l’il,d) by
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3 1 ) Ld

3 Compute a matriz M' = F\(-, &2,&3, & and rewrite the vector £>% as

a matriz X € Br1xna,
4 Apply DR 6.2.1, with input (M',X) = (M, X) and output (&', &%) = (x!, x?).

e OUTPUT: a feasible solution (&*,&?,--- ,:f:d).

6.3 Homogeneous Form with Binary Constraints

We now consider the model of maximizing a general homogeneous polynomial function

in binary variables, i.e.,

(Hp) max f(x)

s.t. x e B,

where f(x) is a d-th degree homogenous polynomial with associated super-symmetric
tensor F € R™.

When d = 2, an Q(1/logn)-approximate ratio for (Hpg) is proposed when the
matrix F' is diagonal-free, by Charikar and Wirth [24]; When d = 3, an < 105”)—
approximation bound for the optimal value of (Hpg) is provided if the tensor F' is
square-free, by Khot and Naor [63]. We remark that the square-free property is a
necessary condition to derive the approximation ratios. Even in the quadratic and
cubic cases for (Hp), there is no polynomial-time approximation algorithm with a
positive approximation ratio unless P = NP (see [4]).

As before, we propose polynomial-time randomized approximation algorithms of
(Hp) for any fixed degree d. Like the model (Ts), the key link from multilinear form
F(x', 2%, --- 2% to the homogeneous polynomial f(x) is Lemma 4.2.1. The approx-
imation ratios for (Hp) hold under the square-free condition. This is because under
such conditions, the decision variables are actually in the multilinear form. Hence, one
can replace any point in the hypercube (B") by one of its vertices (B") without de-
creasing its objective value, due to the linearity. Before presenting our main results in
this section, we first study a property of the square-free polynomial in binary variables,

which will be used frequently in this chapter and the next chapter (Chapter 7).

Lemma 6.3.1 If polynomial function p(x) is square-free and z € B", then & € B" and

Z € B" can be found in polynomial-time, such that p(z) < p(z) < p(x).
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Proof. Since p(x) is square-free, by fixing x9,x3, -+ ,x, as constants and taking z; as

an independent variable, we may write

p(m) = gl(l‘g,l’g, e 7xn) + $192($2a 3, ’xn)-

Let

R -1 92(225'23’"'7’2”)207

xr1 =

1 92(22, 23, , zn) < 0.
Then
p ((:ﬁla R2,%35" " 7Zn)T) < p(z)

Repeat the same procedures for zs, 23, - - - , 2., and let them be replaced by binary scales
#9,23, -+ ,2n, respectively. Then & = (&1,292, -+ ,2,)T € B satisfies p(&) < p(z).
Using a similar procedure, we may find & € B" with p(&) > p(z). O

Lemma 6.3.1 actually proposes a polynomial-time procedure in finding a point in
B" to replace a point in B”, without decreasing (or increasing) its function value. Now,
armed with Lemma 6.3.1 and the link Lemma 4.2.1, we present the main results in this

section.

Theorem 6.3.2 If f(x) is square-free and d > 3 is odd, then (Hpg) admits a polynomial-

time randomized approximation algorithm with approximation ratio T(Hpg), where
2\ 4! g _d=2 _d-2
T(Hp) = | — ln(l—l—\@)d!d n- 2 :Q<n 2).
0

Proof. Let f(x) = F(x,x, - ,x) with F being super-symmetric, and (Hpg) can be

N———
d
relaxed to
(Hg) max F(a!' ,z?, - z%
st. xFeB" k=1,2,...,d.
By Theorem 6.2.1 we are able to find a set of binary vectors (:icl,ﬁzz,--- ,ﬁcd) in

polynomial-time, such that

d—1 d—1
F(:icl,:%z,---,c&d)2<2> 1n(1+¢§)nda?v(ﬁ3)z<2) In(14+v2) n~ % v(Hp).

T T
When d is odd, let &;1,&9,--- ,&4 be i.i.d. random variables, each taking values 1 and
—1 with equal probability 1/2. Then by Lemma 4.2.1 it follows that

d

d d
Hw(Z@ﬁzkﬂzE AP NI
i=1 k=1

k=1 \i#k

diF(@t, %, 2 =E
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Thus we may find a binary vector 8 € B¢, such that
d

2\ 41 d—2
| sk L(al a2 ~d 2 |o—d=2
f E Hﬂz T >d.F(w,a:,...,:B)><7r) ln<1—|—\/§)d.n z v(Hp).

k=1 \i#k

Now we notice that ézzzl <Hl¢k @‘) 2" € B", because for all 1 < j < n,

|

d d d
éz IIs |2 :22 IR slz [15|#=1 ©2
k=1 k=1

k=1 \i#k j i#k i#k

Since f(x) is square-free, by Lemma 6.3.1 we are able to find & € B™ in polynomial-

time, such that

d d
f@ =1 SSSTI8 ) @) =t | SS(TT6 ) o | = rts) o).

k=1 \i#k k=1 \i#k

|

Theorem 6.3.3 If f(x) is square-free and d > 4 is even, then (Hp) admits a polynomial-
time randomized approximation algorithm with relative approzimation ratio T(Hpg).
Proof. Like in the proof of Theorem 6.3.2, by relaxing (Hp) to (Hg), we are able to
find a set of binary vectors (&', &2, --- , &%) with

F@&' a2, el > <2>dlln (1 + \/5) n~ T v(Hp).

™

Besides, we observe that v(Hg) < v(Hpg) and v(Hp) > v(Hg) = —v(Hpg). Therefore

2v(Hp) > v(Hp) — v(Hp).

Let &1,&,--- ,&4 be ii.d. random variables, each taking values 1 and —1 with equal
probability 1/2. Use a similar argument of (6.2), we have % ZZ:I ¢,a@" € B". Then by

Lemma 6.3.1, there exists £ € B” such that

d
f (; Zék@’f) > f(&) > v(Hp).
k=1
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Applying Lemma 4.2.1 and we have

=1
> lg LS et H : =1
z 5 f 726 —v(Hp) H&—
k=1 =1
(S gt ) e | TTa =
9 dk:1 kT A sy 1 P =
d 1 d
B <f (dZsm’“ —v(HB>)
i=1 ; kd:l ]
= dE|[]&f (Zﬁkﬁck ]—U(HB)E H&]
=1 k=1 =1
= d W F@' &% ... &% > r(Hp)v(Hp) > (1(Hp)/2) (v(Hg) — v(Hp)).

Thus we may find a binary vector 8 € B¢ with 1—[;1:1 B; = 1, such that
1 d
f (d Zﬁkﬁck> —v(Hp) 2 7(Hp) (v(Hp) — v(Hp)).
k=1

Noticing that é ZZ:I Bra" € B™ and applying Lemma 6.3.1, by the square-free property

of f(x), we are able to find £ € B" with
L&
f(@) —v(Hp) > f (d Zﬁwk) —v(Hp) > 7(Hp) (v(Hp) — v(HB)) -
k=1
O

To conclude this section, we summarize the algorithm for approximately solving

(Hp) below (no matter d is odd or even).

Algorithm 6.3.1

e INPUT: a d-th order super-symmetric square-free tensor F' € R,

1 Apply Algorithm 6.2.2 to solve the problem
max F(z' z2,-, x%)
st. xFeB" k=1,2,...,d

approzimately, with input F and output (ﬁ:l,zﬁ2, e ,:i:d).
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2 Compute & = arg max {f (é Zzzl fk:ick) NES IBSd}.

3 Apply the procedure in Lemma 6.3.1, with input & € B"™ and polynomial function
f(x), and output & € B™ satisfying f(x) > f(&).

e QUTPUT: a feasible solution x € B™.

6.4 Mixed Form with Binary Constraints

We further move on to consider the mixed form of discrete polynomial optimization

model

(MB) max f($1,$2,'--,$s)

st. xFeB™ k=1,2,...,s,

A1 semoda sosemy ds . :
R X022 X X0t wwith partial sym-

where associated with function f is a tensor F' €
metric property, n1 < ne < --- < ng, and d = dy + do + - - - + ds is deemed as a fixed
constant. This model is a generalization of (Tg) in Section 6.2 and (Hp) in Section 6.3,
making the model applicable to a wider range of practical problems.

Here again we focus on polynomial-time approximation algorithms. Similar as the
approach in dealing with (Hp), we relax the objective function f(x!, 22, - &%) of
(Mp) to a multilinear function, which leads to (7). After solving (1) approximately
by Theorem 6.2.1, we are able to adjust the solutions one by one, using Lemma 4.4.3.
The following approximation results are presented, which are comparable to that in

Section 6.3.

Theorem 6.4.1 If f(x',x%,---  x®) is square-free in each =¥ (k =1,2,...,s), d >3
and one of di (k= 1,2,...,8) is odd, then (Mp) admits a polynomial-time randomized

approximation algorithm with approzimation ratio T(Mp), where

F(Mg) = #(Ms) <2>dlln (1+\/§)f[dd’;!k = Q (7(Ms))

s

k=1 Yk
d—1 S
(2) " n(i+v3 (n dizi)
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Proof. Like in the proof of Theorem 6.3.2, by relaxing (Mp) to (I'’s), we are able to

find a set of binary vectors (&', &2, - - ,ﬁ:d) with
s dkdk
F(@', a2, - 2% > 7(Mp) v(Mp).
dp!
k=1
Let € = (&1,62,--+ ,&1)T, whose components are i.i.d. random variables, taking values

1 and —1 with equal probability 1/2. Similar as (4.7), we denote

dq di+d2 d
~1 N ~9 & ~k
Ty = E w2k , Tg = g §k.a: cee = g T A
k=1 k=d1+1 k=di+do++ds_1+1

Without loss of generality, we assume d; to be odd. By applying Lemma 4.4.3 we have

d d
=B ([]&f (@22, mg)] =E [f (Hgifcg,fcz,--- %)]
i=1 i=1

Therefore we are able to find a binary vector 3 € B?, such that

S
[ d'Fa', 4
k=1

il §22 7S s
H@Z 2l 2 2 [ ddde @ @) = (M) v(Mp).

5 k=1
Similar as (6.2), it is not hard to verify that ngl ,Biﬁzé/dl € B™, and ﬁcg/dk € B for
k=2,3,...,s. By thesquare-free property of the function f and applying Lemma 6.3.1,

we are able to find a set of binary vectors (Z!, &2, - - - , %) in polynomial-time, such that

~2

& @ @
f@h &, >f<Hﬁz 2L f)ZT(MB)U(MB)-

Theorem 6.4.2 If f(x',x?,--- ,x%) is square-free in each ¥ (k =1,2,...,s), d > 4
and all di, (k=1,2,...,s) are even, then (Mpg) admits a polynomial-time randomized

approximation algorithm with relative approzimation ratio T(Mp).

Proof. The proof is analogous to that of Theorem 6.3.3. The main differences are:
(i) we use Lemma 4.4.3 instead of invoking Lemma 4.2.1 directly; and (ii) we use
f <d11 ﬁc%, de ig, ,d—lsig) instead of f (é Zzzl fkik) during the randomization pro-

cess. O
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6.5 Polynomial with Binary Constraints

Finally, we consider binary integer programming model to the optimization on a generic

(inhomogeneous) polynomial function, i.e.,

(Pp) max p(x)
s.t. xeB".

Extending the approximation algorithms and the corresponding analysis for homo-
geneous polynomial optimization to general inhomogeneous polynomials is not straight-
forward. Technically it is also a way to get around the square-free property, which is
a requirement for all the homogeneous polynomial optimizations discussed in previous
sections. The analysis here, is similar as that in Chapter 5, to directly deal with ho-
mogenization. An important observation here is that p(x) can always be rewritten as
a square-free polynomial, since we have x;2 = 1 for i = 1,2,...,n, which allows us
to reduce the power of z; to 0 or 1 in each monomial of p(x). We now propose the

following algorithm for approximately solving (Pg).

Algorithm 6.5.1

e INPUT: an n-dimensional d-th degree polynomial function p(x).

1 Rewrite p(x) as a square-free polynomial function po(x), and then rewrite po(x)—

po(0) = F(z,&, - ,&) when x, = 1 as in (5.2), with F being an (n + 1)-
————

d
dimensional d-th order super-symmetric tensor.
2 Apply Algorithm 6.2.2 to solve the problem

max F(z!', 2%, --- z9)

st. @ eB™ k=1,2,....d

approzimately, with input F and output (w', w2, -- ,u?).

3 Compute (21,22, ,2%) = argmax{F((Elﬁl/d), (52"12”), e (Ed“ld/d)> € e IB%d}.

4 Compute z = argmax {po(O); po (2(8)/2(B)) . B € BY and 1 = [Tj_, Br = 1},
with 2(8) = p1(d + 1)z + 3¢, Bpzk.
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5 Apply the procedure in Lemma 6.3.1, with input z € B™ and polynomial function

po(x), and output y € B" satisfying po(y) > po(z).

e OQUTPUT: a feasible solution y € B™.

Before presenting the main result and analyzing Algorithm 6.5.1, we first study
another property of the square-free polynomial. Namely, the overall average of the
function values on the support set B™ is zero, and this plays an important role in

analyzing the algorithm for (Pp).

Lemma 6.5.1 If the polynomial function p(x) in (Pp) : maxgecpn p(x) is square-free
and has no constant term, then v(Pg) < 0 < v(Pg), and a binary vector & € B"™ can

be found in polynomial-time with p(&) > 0.

Proof. Let &1,&9, -+ ,&, be i.i.d. random variables, each taking values 1 and —1 with
equal probability 1/2. For any monomial F; ;, i, i, Zi, - - - T4, with degree k (1 < k < d)

of p(x), by the square-free property, it follows that
E[Fi1i2~~-ik£i1£i2 o glk] = FZ11221€E[£21]E[£Z2] s E[glk] = 0.

This implies E[p(§)] = 0, and consequently v(Pg) < 0 < v(Pp). By a randomization

process, a binary vector & € B" can be found in polynomial-time with p(&) > 0. O

We remark that the second part of Lemma 6.5.1 can also be proven by conducting
the procedure in Lemma 6.3.1 with the input vector 0 € B", since p(0) = 0. Therefore,
finding a binary vector & € B" with p(Z) > 0 can be done by either a randomized
process (Lemma 6.5.1) or a deterministic process (Lemma 6.3.1). We now present the

main result in this section.

Theorem 6.5.2 (Pg) admits a polynomial-time randomized approximation algorithm

with relative approximation ratio 7(Pg), where

7(Pp) := M(d—l— D!'d=2Y(n + 1)7% =Q (nf%) .

Proof. The main idea of the proof is quite similar as that of Theorem 5.2.2. However

the discrete nature of the problem as well as the non-convex feasible region requires us

to be more careful dealing with the specific details. As we are working with relative
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approximation ratio, by Step 1 of Algorithm 6.5.1, we may assume that p(x) is square-

free and has no constant term. Then by homogenization as (5.2)

o= #((2)-(2)- ()P -

d

where f(z) = p(x) if 2, = 1, and f(&) is an (n+1)-dimensional homogeneous polynomi-
al function with associated super-symmetric tensor F' € RM+D? whose last component

is 0. (Pp) is then equivalent to

max f(Z)

s.t. T

(:13)’ xeB" x, =1,
T,

which can be relaxed to an instance of (Tp) as follows

(Pg) max F(z',z?% - 2%

st. zFeB" k=1,2,...,d.
Let (@', @2, - ,a%) be the feasible solution for (Pg) found by Theorem 6.2.1 with

F(a',a? - ,a%) > (2/n)% 1ln(1+\[)(n+1) (PB)

> (2/m) " (1 + V2)(n+1)7 T u(Pp).

Denote o = @¥/d for k = 1,2,...,d, and consequently
F(o',9% - o) = dF(a',a?, - ad) > (2/m) " In(l+ V2)d~(n+ 1) u(Pp).

Notice that for all 1 < k < d, |vf| = |u¥/d| = 1/d < 1 and the last component of tensor

F is 0. By applying Lemma 5.2.4, it follows that

e | () (%) (7))

:F(f}17627"' 7,Dd)

and
Gol\ (& Eqv?
E|F =0
[ << 1 ) 1 ) ) 1 )
where 11,792, ...,ng are independent random variables, each taking values 1 and —1
with E[ng] = vh for k =1,2,...,d, and &, &, -+ ,&; are 1.i.d. random variables, each

taking values 1 and —1 with equal probability 1/2. Combining the two identities, we
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have, for any constant ¢, the following identity

F(,Dlv@z?' o 7,6d)

— > (c—Prob{n =B} F <(ﬂ11111>7 <621”2),... | (/Bdlvd»

BeB, 11—, Be=—1

b Y (erProbin=gh F((ﬁllzfl)’(ﬁzf)’,_,7<Bd1vd)>.

BeB, [T_, Bu=1

If we let ¢ = max Prob {n = B}, then the coefficient of each term F' in

BB TT{_; Be=—1

the above is nonnegative. Therefore, a binary vector @ € B? can be found, such that

/ / ! ayd
» ((ﬂllvl) (5211’2)... 7 <5d1'” )) > o F(0', 02, , 0%,

with
-1
™ = >, (e+Prob{n=p})+ > (c—Prob{n=4}
BEB, TTi, Br=1 BeB [T, Br=—1
-1 1 1\? o

> (24 1) >(2¢(z+ =) +1] >

> (2% + —( <2+2d>+> “1+e
where ¢ < (% + %)d is applied, since E[ng] = vf = £1/d for k = 1,2,...,d. Denote

! ayk

2= () = (%

_d—2

2>d—1 ln(l-f—\/i) = 0(Pg).

F(217227"' 72d) 2 TOF(,Dly@za"' 7'Bd) Z <7T ﬁd_d(n—l- 1)

For any 8 € B%, denote 2(8) = f1(d + 1)2' + 32¢_, Br2". By noticing zF =1 and
]zf] = |vf] = |uf|/d =1/dfor all 1 <k <dand 1<i<n, it follows that

2 < |zx(B)| < 2d and |%(B8)| < (d+1)/d+ (d—1)/d=2 V1<i<n.
Thus 2(8)/2,(8) € B". By Lemma 6.3.1, there exists ' € B", such that
v(Pp) < p(@') < p(2(8)/2(8)) = f (2(8)/zn(8B)) -
Moreover, we shall argue below that
Br=1= f(2(8)) = (2d)" v(Pp). (6.3)

If this were not the case, then by Lemma 6.5.1 f (2(8)/(2d)) < v(Pg) < 0. Notice that

B1 = 1 implies z,(8) > 0, and thus we have

(55 - (i) 1 (50) <7 (52) <o,
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which is a contradiction.
Suppose € = (£1,82, - ,fd)T, whose components are i.i.d. random variables, each
taking values 1 and —1 with equal probability 1/2. Noticing that (6.3) holds and using

the same argument as (5.12), we get

d
glzl,Hgkzll Zd!F((d+1)21,22,--- ,2d>.

k=2

“E [(f (2(9) — (2d)" v(Pp))

Therefore, a binary vector 8” € B¢ with g = Hi:Q By =1 can be found, such that

f(z(8") = @d)o(Pp) > 2d'F((d+1)2', 2% -, 2%)
d—1

By Lemma 6.5.1, a binary vector ' € B"™ can be found in polynomial-time with
p(x') > 0. Moreover, as z(8")/z,(8") € B", by Lemma 6.3.1, another binary vector
2" € B" can be found in polynomial-time with p(x”) > p(z(8")/z1(5")). Below we

shall prove at least one of ' and x” satisfies
p(x) —v(Pp) =2 7(Pp) (v(Pp) — v(Pp)) . (6.4)

Indeed, if —v(Pg) > 7(Pp) (v(Pg) — v(Pg)), then &’ satisfies (6.4) in this case. Other-
wise we shall have —v(Pg) < 7(Pg) (v(Pp) — v(Pg)), then

v(Pp) > (1 —7(Pp)) (v(PB) —uv(PB)) = (v(PB) — v(PB)) /2,

which implies

1+e
> 7(Pp) (v(PB) —v(PR)) -

~
A/
W
<
S~
|
\S\
S
\%

(2d)~¢ (i)d 204 V2) a4 1) ()

The above inequality also implies that f (2(5”)/(2d)) > 0. Recall that 5/ = 1 implies
zp(B") > 0. Therefore,

w2 (265) =1 (265m) - (z,fZ//))df (%) =1 (%5,

which implies «” satisfies (6.4). Finally, arg max{p(z’), p(z”)} satisfies (6.4) in both

cases. O

We remark that (Pp) is indeed a very general discrete optimization model. For

example, it can be used to model the following general polynomial optimization problem
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in discrete values:

(PD) max p(x)

i i _
st.  x;e{aj,ab, - ,ap, )i =1,2,... 0.

To see this, we observe that by adopting the Lagrange interpolation technique and

letting
T; = a; H Tk V1<i<n,
1 1<k<m;, k#j

j=

the original decision variables can be equivalently transformed to
ui:j:xi:aé Vi<i<n,1<j7<m;,

where u; € {1,2,...,m;}, which can be further represented by [log, m;]| independent
binary variables. Combining these two steps of substitution, (PD) is then reformu-
lated as (Pp), with the degree of its objective polynomial function no larger than
maxi<ij<n{d(m; —1)}, and the dimension of its decision variables being >, [logy m;].
In many real world applications, the data {ai,a},--- ,al, } (i =1,2,...,n) in (PD)
are arithmetic sequences. Then it is much easier to transform (PD) to (Pg), without
going through the Lagrange interpolation. It keeps the same degree of its objective
polynomial function, and the dimension of its decision variables is Y ;" | [logy m;].
Finally, we remark that all the approximation algorithms proposed in this chapter
are also applicable for the polynomial optimizations over hypercubes (B"), which are
models (T'3),(Hg), (Mg) and (Pg), i.e., the respective models (I),(Hg),(Mp) and
(Pg) with B being replaced by B. In particular, the square-free conditions are no
longer required for homogeneous form objectives and mixed form objectives. Therefore
Algorithm 6.3.1 and Algorithm 6.5.1 can be made simpler without going through the
process in Lemma 6.3.1. We now conclude this section, as well as the theoretical part

of this chapter, by the following theorem without proof.

Theorem 6.5.3 The following approrimation results hold for polynomial optimizations

over hypercubes:

1. (Tz) admits a polynomial-time randomized approximation algorithm with approz-

imation ratio 7(Tg);

2. If d > 3 is odd, then (Hg) admits a polynomial-time randomized approzimation

algorithm with approzimation ratio T(Hp); Otherwise d > 4 is even, then (Hpg)
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admits a polynomial-time randomized approximation algorithm with relative ap-

proximation ratio T(Hp);

3. If one of di, (k = 1,2,...,s) is odd, then (Mg) admits a polynomial-time ran-
domized approximation algorithm with approzimation ratio T(Mpg); Otherwise all
dr (k= 1,2,...,s) are even, then (Mg) admits a polynomial-time randomized

approximation algorithm with relative approzimation ratio T(Mp);

4. (Pg) admits a polynomial-time randomized approzimation algorithm with relative

approximation ratio T7(Ppg).

6.6 Applications

The models studied in this chapter have versatile applications. Given the generic
nature of the discrete polynomial optimization models, this point is perhaps self-evident.
However, we believe it is helpful to present a few examples at this point with more
details, to illustrate the potential modeling opportunities with the new optimization
models. We shall present three problems in this section and show that they are readily

formulated by the discrete polynomial optimization models in this chapter.

6.6.1 Cut-Norm of Tensors

The concept of cut-norm is initially defined on a real matrix A = (A4;;) € R™*"2,
denoted by ||Al|¢, the maximum over all I C {1,2,...,n1} and J C {1,2,...,n2}, of
the quantity | > ;c; ;c; Aijl- This concept plays a major role in the design of efficient
approximation algorithms for dense graph and matrix problems (see e.g., [36, 3]). Alon
and Naor in [5] proposed a polynomial-time randomized approximation algorithm that
approximates the cut-norm with a factor at least 0.56, which is currently the best
available approximation ratio. Since a matrix is a second order tensor, it is natural to
extend the cut-norm to general higher order tensors, e.g., a recent paper by Kannan [62].
Specifically, given a d-th order tensor F' = (Fj j,...;,) € R"X™2X X% jts cut-norm is

defined as

1l =

max g Fiigoiy) -
1,C{1,2,. .} k=1,2,....d | .
A ek in€ly, k=1,2,....d

In fact, the cut-norm || F||¢ is closely related to ||F'|loos1, Which is exactly in the

form of (Tg). By Theorem 6.2.1, there is a polynomial-time randomized approximation
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_1
algorithm which computes || F'||co1 With a factor at least €2 <( ij nk> 2), where
we assume ni < ng < --- < ng. The following proposition, asserts that the cut-norm of

_1
a general d-th order tensor can also be approximated by a factor of 2 ((HZ;? nk) : ) .

Proposition 6.6.1 For any d-th order tensor F € R™M>"2X XM || F||o < || F||oos1 <

27| Flc-
Proof. Recall that [|F|scs1 = maxgrepny poio,. g F(x', 22, ,x%). For any x* €
B (k=1,2,...,d), it follows that

F(z', 2% - z%) = Z Fi1i2~~~id3711133122 e :L'?d

1<ip<ng, k=1,2,....d

— E' § 12 d
—_— F'LlZQ""deilmiQ R xid

BEB iy e{jlah=Bk,1<j<nk}, k=1,2,...d

= 2 (I & > Frrigey

BeB? \ 1sk=d  qpe{jlah=py,1<j<ni},k=12,..,d

< Z Z Fiigig
BEB? iy e {jlzk=py,1<j<ny}, k=1,2,....d
< Y |IFle=2%F|c,

BeBd
which implies || F||oos1 < 2| F||c.
Observe that || F|c = maxzk€{071}7Lk’k:Lz’m’d|F(z1,z2,--~ ,z4)|. For any zF €
{0,1} (k = 1,2,...,d), let 2¥ = (e + x*)/2, where e is the all one vector. Clearly
xF e B™ for k=1,2,...,d, and thus

F(z1,2%,... 2% = F e—l—a:l’e—|—:c27”"e_|_md
2 2 2
_ F(e,e,---,e)—l—F(:Ul,e,---,e)+---+F(m1,m2,---,md)
= 5
1 d
< 5a 1Fllsos1 - 29 = [[F oo,
which implies || F|lc < || F]|coms1- O

6.6.2 Maximum Complete Satisfiability

The usual maximum satisfiability problem (see e.g., [38]) is to find the boolean values

of the literals, so as to maximize the total weighted sum of the satisfied clauses. The
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key point of the problem is that each clause is in the disjunctive form, namely if one of
the literals is assigned the TRUE value, then the clause is called satisfied. If the literals
are also comjunctive, then this form of satisfiability problem is easy to solve. However,
if not all the clauses can be satisfied, and we alternatively look for an assignment
that maximizes the weighted sum of the satisfied clauses, then the problem is quite
different. To make a distinction from the usual Max-SAT problem, let us call the new
problem to be mazimum complete satisfiability, or to be abbreviated as Max-C-SAT.
It is immediately clear that Max-C-SAT is NP-hard, since we can easily reduce the
max-cut problem to it. The reduction can be done as follows. For each edge (v;,v;) we
consider two clauses {z;,Z;} and {Z;,z;}, both having weight w;;. Then the Max-C-
SAT solution leads to a solution for the max-cut problem.

Now consider an instance of the Max-C-SAT problem with m clauses, each clause
containing no more than d literals. Suppose that clause k (1 < k < m) has the following

form
{Thy Ty T, > Thys Ty - - .’jkék},
where s + t, < d, associated with a weight wyp > 0 for £k = 1,2,...,m. Then, the
Max-C-SAT problem can be formulated in the form of (Pg) as
1+, 1*%4

t
max ZZLI Wk ijzl 5 Hikzl 2

st. xeB"

According to Theorem 6.5.2 and the nonnegativity of the objective function, the above
problem admits a polynomial-time randomized approximation algorithm with approx-

imation ratio €2 (n7d2;2), which is independent of the number of clauses m.

6.6.3 Box-Constrained Diophantine Equation

Solving a system of linear equations where the variables are integers and constrained
to a hypercube is an important problem in discrete optimization and linear algebra.
Examples of applications include the classical Frobenius problem (see e.g., [2, 16]), and
the market split problem [26], other from engineering applications in integrated circuits
design and video signal processing. For more details, one is referred to Aardal et al. [1].

Essentially, the problem is to find an integer-valued € Z™ and 0 < x < u, such that
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Ax = b. The problem can be formulated by the least square method as

(DE) max —(Axz —b)T(Ax —b)

st. xeZ", 0<x < u.

According to the discussion at the end of Section 6.5, the above problem can be re-
formulated as a form of (Pg), whose objective function is quadratic polynomial and
number of decision variables is Y ;" ; [logy(u; + 1)]. By applying Theorem 6.5.2, (DE)
admits a polynomial-time randomized approximation algorithm with a constant relative
approximation ratio.

Generally speaking, the Diophantine equations are polynomial equations. The box-
constrained polynomial equations can also be formulated by the least square method
as of (DE). Suppose the highest degree of the polynomial equations is d. Then, this
least square problem can be reformulated as a form of (Pg), with the degree of the
objective polynomial being 2d and number of decision variables being >~ , [logy (u; +
1)]. By applying Theorem 6.5.2, this problem admits a polynomial-time randomized

approximation algorithm with a relative approximation ratio ((Z?:l log uz-)_(d_l))

6.7 Numerical Experiments

In this section we are going to test the numerical performance of the algorithms pro-
posed in this chapter. Our experiments focus on the model (T5) with d = 4 as a typical

case. Specifically the problem to be tested is

(ETp) max F(@,y,z,w) =3 1<k r<p Fijre Tiyj2pwe

s.t. x,y,z,w e B

6.7.1 Randomly Simulated Data

The input data of (ETp) is generated in the same way as that of (ETg), with entries
of F following i.i.d. standard normals. The first relaxation model for Algorithm 6.2.2

to approximately solve (ETg) is

(ETB) max F(X,w)= Zlgi’j’k’ggn FijreXijrwe
st X € BV 4 € B,

which can be solved approximately using SDP relaxation and randomization method

proposed by Alon and Naor [5]. However, the size of the SDP relaxation problem is
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(n® +n) x (n® + n), which is intractable for current SDP solvers even when n = 8.

Therefore in our testings, we further relax the above problem to

max  F(X) =321k p<p FijreXijre
st. X € Bnxnxnxn,

whose optimal solution is trivially sign (F') with optimal value vp := ||F|[;. This

3 % n matrix, followed by applying DR 6.2.1

optimal solution can be rewritten as an n
to get a feasible solution of (ETB). Then we can apply the recursion procedures of
Algorithm 6.2.2 to get a feasible solution of the original model (ETg), with its objective
value being denoted by v.

According to Theorem 6.2.1, the theoretical worst-case performance ratio of (ETg)
by Algorithm 6.2.2 is ©(1/n). However, the theoretical ratio for the above method is
indeed ©2(1/n'%) because of a deeper relaxation, which can be proven by using the same
argument in Theorem 6.2.1. However, this deeper relaxation allows us to skip the SDP
relaxation of (ETB), and make the method applicable for large dimensions. In general,
the trivial upper bound of v(ETg) generated by this method, vp, may not good, and
we may seek a tighter one. For this purpose we turn to the model (Ts) discussed in

Section 3.2. Noticing that an n-dimensional binary vector has a norm /i, we may also

relax (ETg) to

max F(w,y,z,w) = Zlgi,j,k,fgn Fijkf TilYjzWe
stz =yl = Izl = vl = V7,

w? y7 z? w 6 Rn?
which can be further relaxed to

max  F(X,Z) =31« jpo<n FijeeXij Zne
st | X = [1Z]] = n,
X.Z e RV

The above problem is the largest singular value problem, whose optimal value can be
computed efficiently. Denoted its optimal value to be vg, which is taken as another
upper bound of v(ETg).

The numerical results of 10 randomly generated instances for the upper bounds vp
and vg, as well as the objective values of the approximate solutions generated are listed

in Table 6.1, which clearly shows that vg outperforms vp significantly. Therefore in the
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Table 6.1: Numerical upper bounds of v(ETg) for n =13

Instance 1 2 3 4 5 6 7 8 9 10
v 619 637 603 664 682 572 613 662 591 752
UB 22742 22588 22775 22711 22827 22905 22593 22966 22789 22678
Ug 4251 4314 4346 4368 4294 4338 4295 4330 4330 4303

Table 6.2: Numerical ratios (average of 10 instances) of (ETR)

n ! 10 20 30 40 20 60 70 80 90

7 (%) 35.42 1851 994 7.06 545 4.09 393 3.06 299 2.58
T-n 177 185 1.99 212 218 204 236 214 239 232
7 -no? 1.51 1.47 147 151 151 138 156 1.40 1.54 148
-n%% 079 059 044 039 035 029 030 026 027 025

following general testings, we shall choose Ug as our candidate of the upper bound, to
test the quality of the approximation solution, i.e., 7 := v/vg. The simulation results
are listed in Table 6.2. By observation, the performance ratio is better than Q(1/n),
and is quite close to Q(1/n%?). Tt is clearly better than the theoretical ratio Q(1/n!?).

The computational cost for our method is quite low. In fact, for n = 80, we are able
to get a feasible solution within 2 minutes, while computing the upper bound vg costs
much more time. For n > 95, however, our computer reports to run out of memory in

the experiments, a problem purely due to the sheer size of the input data.

6.7.2 Data of Low-Rank Tensors

The numerical tests conducted so far are based on the data generating from i.i.d. stan-
dard normals. It would be interesting to investigate the practicability of our algorithms
using other data settings. In particular, we shall test some low-rank tensors.

As mentioned in Section 3.4.2 (see also [68]), a fourth order tensor has rank r if it
can be written as a summation of » number of rank-one tensors, and cannot be written
as a summation of » — 1 number of rank-one tensors. Specifically, the data we generate

here is

r
_E 1 2 3 4
=1
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Table 6.3: Numerical ratios (average of 10 instances) of (ETg) with low-rank tensors

r (rank) 1 2 3 4 5 6 7 8 9 10 15 20

7 (%) for n =10 34.6 30.9 28.0 32.4 26.7 25.8 27.0 28.3 27.2 26.5 259 26.2
7(%) forn =20 14.8 15.0 14.0 15.7 11.3 11.1 11.2 11.8 12.1 11.7 11.2 12.0
7(%) forn=30 9.1 73 75 69 72 72 66 66 72 7.7 6.2 57

where all af (k=1,2,3,4,1=1,2,...,r) are independent of each other, each of which
following i.i.d. standard normals.

We again use the method discussed in the previous subsection to approximately
solve the model (ETpg), and compare its objective v with the upper bound vg, i.e.,
T = v/vg. The performance ratios for such data settings are shown in Table 6.3 for
n = 10,20 and 30. By observation, we find that low-rank tensors F' improve the
approximation ratios significantly. The lower the rank of the tensor F', the better the

performance ratio.



Chapter 7

Homogeneous Form Optimization

with Mixed Constraints

7.1 Introduction

This chapter brings most of the results in previous chapters together, to discuss mixed
integer programming problems. The objective functions are all homogenous polynomial
functions, while the constraints are a combination of two most widely used ones, the
spherical constraint and the binary constraint. In particular, the models considered

include:

27"' 7wdaylay27"'7yd)
st. xFeB™ k=1,2,...,d,

yleS™ 1=1,2,...,d;

(Tgs) max F(z! z

(Hps) max f(z,y)
s.t. x e B,
yeS™

(MBS) max f((l:l,xQ,"' 751337!/1792;"' 7yt)
st. xFeB™ k=1,2,...,s,

yleSm, 1=1,2,... ¢t

The model (Mpg) is a generalization of the models (Tsg) and (Hpg). In fact, it can

also be taken as generalization of most of the homogenous polynomial optimization

122
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models discussed in previous chapters, namely (7s) of Chapter 3, (Hg) and (Mg) of
Chapter 4, and (Tg), (Hp) and (Mp) of Chapter 6 as well.

These mixed models have versatile applications, e.g., matrix combinatorial prob-
lem, vector-valued max-cut problem, whose details will be discussed in Section 7.5.
Essentially, in many discrete optimization problems, if the objective to be optimized
is extended from a scalar to a vector or a matrix, then we may turn to optimize the
Euclidean norm of the vector, or the spectrum norm of the matrix, which turns out to

be the mixed integer programming models proposed above.

All these models are NP-hard in general, even in the simplest case of one spherical
constraint and one binary constraint, i.e., the model (Tgg) with d = d' = 1. As we will
see later, it is actually equivalent to the maximization of a positive semidefinite form
in binary variables, which includes max-cut as a subproblem and is thus NP-hard. In
fact, this simplest form of (Tzg) serves as a basis for all these mixed integer program-
ming models. By using this basis and mathematical induction, we are able to derive
polynomial-time randomized approximation algorithms with worst-case performance
ratios for (Tpg) with any fixed degree. The techniques are similar to that of Chap-
ter 3, and two types of decomposition routines are called, one for decomposition of the
spherical constraints, and one for decomposition of the binary constraints. Moreover,
in order to extend the results from (T5s) to (Hps) and (Mpg), the multilinear tensor
form relaxation method is again applied. Armed with the link lemmas (Lemma 4.2.1
and Lemma 4.4.3), we are able to derived approximation algorithms under some mild

square-free conditions.

This chapter is organized as follows. We shall discuss models (Tgs), (Hpg) and
(Mpg) in Sections 7.2, 7.3 and 7.4 respectively, and propose polynomial-time random-
ized approximation algorithms with provable approximation ratios or relative approxi-
mation ratios for the respective models. In Section 7.5, we shall discuss a few specific
problems where these mixed models can be directly applied. For the easy of reading,
in this chapter, we shall exclusively use vector (€ B") to denote discrete variables,
and vector y (€ S™) to denote continuous variables. Throughout our discussion, we
shall fix the degree of the objective polynomial function in these mixed models, d + d’,

to be a constant.
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7.2 Multilinear Form with Binary and Spherical Constraints

Our first mixed model is to maximize a multilinear function, with some variables being

binary and some in the unit sphere, namely,

(TBS) max F(wlax27"' 7mday1>y2a'--ay

d’)
st. xFeB™ k=1,2,...,d,

yleS™ ¢=1,2,...,d,

where n1 < no <--- <ngand m; < mg < --- < mg. This model is a generalization of
(Ts) in Section 3.2 and (Tp) in Section 6.2.

The simplest case of (Tgs), d = d’ = 1, is worth mention, as it plays an essential role
in the whole chapter. Based on this case, we shall derive polynomial-time approximation

algorithm with worst-case performance ratio for (Tpg) with any fixed degree d + d'.

Proposition 7.2.1 Ifd = d =1, then (Tss) is NP-hard, and admits a polynomial-

time randomized approximation algorithm with approximation ratio \/2/m.
Proof. When d = d' =1, (Tpg) can be written as

(Trs) max xTFy

st. xeB™ yeS™.

For any fixed & in (Tg), the corresponding optimal y must be FTz/||FTz| due to
the Cauchy-Schwartz inequality, and accordingly,
T

F
x'Fy = L (R |Ftz| = VaTFFTx.

Faed

Thus (TBS) is equivalent to
max x'FFTg

st. xeB™.

Noticing that matrix FF" is positive semidefinite, the above problem includes the max-
cut problem (see e.g., [40]) as a subclass. Therefore it is NP-hard. Moreover, according
to the result of Nesterov [88], it admits a polynomial-time randomized approximation
algorithm (SDP relaxation and randomization) with approximation ratio 2/m. This
implies that (TBS) admits a polynomial-time randomized approximation algorithm with

approximation ratio /2/m. O
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Proposition 7.2.1 is the foundation to establish the basic relaxation in solving (Tpg)
recursively for general degree d and d’. In processing to the high degree cases, for the
recursion on d, with discrete variables ¥ (k = 1,2,...,d), DR 6.2.1 is applied in
each recursive step; while for the recursion on d with continuous variables y’ (£ =
1,2,...,d"), two decomposition routines in Section 3.2 are readily available, namely
the eigenvalue decomposition approach DR 3.2.2 and the randomized decomposition
approach DR 3.2.1, either one of them will serve the purpose here. The main result in

this section is the following:

Theorem 7.2.2 (Tpgs) admits a polynomial-time randomized approzimation algorithm

with approzimation ratio 7(Tps), where

1 1
d-1 d-1 2

5 2d d—1 2 d—1 2
7(Ts) == (W) (H ng H mz) = (H ng H me)
k=1 = k=1 =
Proof. The proof is based on mathematical induction on the degree d + d’, and Propo-
sition 7.2.1 can be used as the base for the induction process when d + d’ = 1.
For general d +d > 3, if d > 2, let Y = y'(y¥)T. Noticing that |[Y|? =
d’ H2

ly' 1?1y = 1, similar to the relaxation in the proof of Theorem 3.2.4, (Tgg) can be

relaxed to a case with degree d +d' — 1, i.e.,
max F($1,$2,"' ,in,Y,y2,y3,"' 7ydl71)
st. xFeB™ k=1,2,...,d,

YESmlmd/7yeegme7£:2737""d/_l‘

A

. . . . A A~ A~ A~ A ~ /7 .
By induction, a feasible solution (a:l, 2,20y, 9598, 1) can be found in

polynomial-time, such that

[

21 fd—1 d'—1 T2
1 vd X A2 - L 2
F(:cl,w2, . ’md,Y’yQ,y?), .. ’yd 1) Z <7T> (H N H mg) ’U(TBS)

k=1 =

Let us denote matrix Q = F(&', &2, - a2t g2 - ,@d ~1 ) € R™M*™ma . Then
by Proposition 3.2.1 (used in DR 3.2.2), max,icgm; ya cgma (y")TQy? can be solved

in polynomial-time, with its optimal solution (g, yd') satisfying
F(:%17:i:2) T 7ﬁ3d7@17@27 T 7@d ) = (Ql) Ad > ||Q||/\/
By the Cauchy-Schwartz inequality, it follows that

HQHZYErggicle Y>QeY = F@' &% - &V, % 9%, g7 h).
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Thus we concludes that

F(:%17:i:27"' 7ﬁ3d7@17@27”' 7@d/) Z HQ”/le
Z F(ﬁ:17ﬁ32)"' 7§3da}>7@25@37'"7gd/71)/\/m1
> 7(Tps)v(Tps)-

Ford+d >3 and d > 2, let X = a2' (2?7, and (Tgs) can be relaxed to the other

case with degree d — 1 + d', i.e.,

d—17,y1’y27_” 7,yd’)
st. X eBmnd ghecB™, k=23,...,d—1,

ytesSm™ (=1,2,...,d.

max F(X,z% 3 - x

By induction, it admits a polynomial-time randomized approximation algorithm with
2d—3 y -1
approximation ratio (%) 2 ( Z;; Nk H‘Z;ll mg) ’. In order to decompose X into

x!' and 2, we shall conduct the randomization procedure as in Step 2 of DR 6.2.1,

which will further deteriorate by an additional factor of rrjnT in expectation, as shown
n (6.1). Combining these two factors, we are led to the ratio 7(Tss). O

We end this section by summarizing the algorithm for solving (T'ss) below.

Algorithm 7.2.1

e INPUT: a (d + d')-th order tensor F € R™MXn2XXnaXmixmaXxXma qyith ny <

ng < - <ng and my <mg <o <myr.

1 Rewrite F' as a matriz M € R™"2naxmim=ma jhy combining its first d modes

into the matriz row, and last d' modes into the matriz column.
2 Apply the procedure in Proposition 7.2.1, with input M and output & € B™ "2 "4,

3 Rewrite the vector & as a d-th order tensor X € BmXn2XXnd gnd compute a

d'-th order tensor F' = F(X,+,+,--- ,+) € Rmixmax:xmy
4 Apply Algorithm 3.2.3, with input F' and output (Ql, QQ, . 7@d/),
5 Compute a d-th order tensor F" = F(+ «,--- TR TR ’@d’) € RMXn2XXng

6 Apply Algorithm 6.2.2, with input F" and output (&', &2, --- | &%).
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e OUTPUT: a feasible solution (&',&?,--- a2t gt gP, ,@d/).

7.3 Homogeneous Form with Binary and Spherical Con-

straints

We further extend the mixed model in previous section to the homogeneous polynomial

case, namely,

(Hps) max f(z,y)
st. xeB" yeS™,

where f(x,y) = F(x,z, - ,x,9,y, - ,y), and F € Rrxm? g g (d + d')-th order

d d
tensor with partial symmetric property. This model is a generalization of the model

(Hg) in Section 4.2 and the model (Hp) in Section 6.3. We shall derive polynomial-
time approximation algorithms with worst-case performance ratios. The method here is
also multilinear function relaxation (Tgg), which admits a polynomial-time randomized
approximation algorithm by Theorem 7.2.2. Then by applying Lemma 4.2.1 as a link,
together with the square-free property for the discrete variables x, we are led to the

following results regarding (Hpg).

Theorem 7.3.1 If f(x,y) is square-free in x, and either d or d’ is odd, then (Hps)
admits a polynomial-time randomized approximation algorithm with approximation ra-

tio T(Hps), where

2d—1

d d—1 d—1 d —1

2 2 . _ _
T(Hps) :== () Ad N d T T =Q (n_2m_2> .
T
Proof. Like in the proof of Theorem 6.3.2, by relaxing (Hpg) to (Tgs), we are able to
find (&', &>, -, &% ¢", 9% ,9%) with ¥ € B" forall 1 < k < d and §° € S™ for all

1 < /¢ < d in polynomial-time, such that

2d—1 _d—1 d

F(ﬁzl’ﬁ:Qf o 7‘%(17@17@27'” )’yd/) Z (2/7T)Tn %m_% U(HBS)‘

Let &1,&, -+ ,&q,m1, M2, - , Mg be i.i.d. random variables, each taking values 1 and —1

with equal probability 1/2. By applying Lemma 4.4.3 (or Lemma 4.2.1 twice), we have

d d’ d d’
E H@Hmf(Zm’ﬂZw@f) = did\F(@! &%, @ g 90 g,
i=1 j=1 k=1 =1
(7.1)
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Thus we are able to find binary vectors 3 € B¢ and 8’ € BY, such that

d d’ d d’
H&Hﬁ}f(Zﬁ@’ﬁZﬁwf) > dd\F(a', 2%, 2t gt gt g7,
k=1 /=1

=1 7=1
Denote

H@Hﬂ Zﬁkw Zﬁf d is odd,
J=1 =

=1

Zﬁkaz H/BZHB Z,BKA d/ iSOdd.

=1 j=1

(587@) =

Noticing ||g|| < d’ and combining the previous two inequalities, it follows that
z Yy
A | LI L (et ST ) =t ).
=1 j=1
Denote § = §/||9|| € S™. Since #/d € B" by a similar argument as (6.2), and f(x,9)
is square-free in «, by applying Lemma 6.3.1, & € B" can be found in polynomial-time,
such that
[ @) > f(8/d,5) > T(Hps) o(Hps)

We remark that in Theorem 7.3.1, if d’ = 2 and d is odd, then the factor d’! d~¢ in
7(Hpg) can be removed for the same argument in the proof of Theorem 4.4.2 (basically
the corresponding adjustment is an eigenvalue problem), and this improves the ratio
T(Hps) to (;) R d'd—tn="5 m~2. Now we present the approximation result for the

even degree case.

Theorem 7.3.2 If f(x,y) is square-free in x, and both d and d' are even, then (Hpg)
admits a polynomial-time randomized approximation algorithm with relative approxi-

mation ratio T(Hpg).

Proof. Following the same argument as in the proof of Theorem 7.3.1, we shall get (7.1),
which implies

2d—1

d d’ d d

. . 2 2 d-1 _d -1
H&Hnﬁ(E &k, my‘) > <W> dld\n~ T m T o(Hps).
i=1 j=1 k=1 =1

Denote &¢ := é Zi:l &ak and Yy, = % Z?lzl neyt. Clearly we have

H&Hm (Ze,9y) | = 7(Hps) v(Hps).

=1 j=1
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Pick any fixed y € S” and consider the following problem
(Hps) max f(z,9)
s.t. xeB™

Since f(x,y) is square-free in & and has no constant term, by Lemma 6.5.1, a binary

vector & € B” can be found in polynomial-time with
f(@,9) > 0> v(Hps) > v(Hps).

Next we shall argue f (i:g, gn) > v(Hpg). If this were not the case, then f (:%5, @,7) <
v(Hps) < 0. By noticing [|g, || < 1, this leads to

e,/ gl) = 3,7 f (2. 9,) < f (2e,9,) < v(Hps).

Also noticing ¢ € B, by applying Lemma 6.3.1, a binary vector & € B" can be found
with

v(Hps) < f(@,3,/l19,])) < | (@e 9,/ 19]l) < v(Hps)
resulting in a contradiction.

By that f (&, @n) —v(Hpg) > 0, it follows

5B | f (&6 ,) — v(Hps) H&Hm—l
=1 =

Y
[
=

f (@, 9,) — v(Hps) Hfl Hm =1
=1 =1

—%E f(®e,9,) — v(Hgs) H&Hm

i=1 j=1

= E HSZHUJ wﬁuyn (HBS))
2 1 =

= E H&Hm f (e, 9,) | > T(Hps) v(Hgs).
z 1 =

Thus we are able to find 8 € B and 8’ € BY with Hle Bi H?lzl ﬁ} =1, such that
f(28,95) —v(Hps) > 27(Hps) v(Hps).

Denote § = 94 /||y | € S™. Since &5 € B", by Lemma 6.3.1, a binary vector & € B"

can be found in polynomial-time with f(z,y) > f (3, ¥).



130 7 Homogeneous Form Optimization with Mixed Constraints

Below we shall prove either (2, 9) or (&, y) will satisfy

f(@,y) —v(Hps) > 7(Hps) (v(Hps) — v(Hzs)).- (7.2)
Indeed, if —v(Hps) > 7(Hps) (v(Hps) —v(Hpg)), then (&,y) satisfies (7.2) in this
case since f(@,y) > 0. Otherwise, if —v(Hpg) < 7(Hps) (v(Hps) — v(Hps)), then

v(Hps) > (1 —7(Hps)) (v(Hps) — v(Hps)) = (v(Hps) — v(HBs)) /2,
which implies
f(2p,9p) —v(Hps) > 27(Hps)v(Hps) > 7(Hps) (v(Hps) — v(Hgs)) -
The above inequality also implies that f (595, _@5,) > 0. Therefore, we have
f@.9) > f(@6,9) = |95~ f (5.95) > f (25.95) .

which implies (z,y) satisfies (7.2). Finally, arg max{f(Z,9), f(Z,y)} satisfies (7.2) in
both cases. O

7.4 Mixed Form with Binary and Spherical Constraints

The final story of polynomial optimization problems in this thesis brings together a
bunch of models discussed in previous sections and chapters, as a generalization of a
large family, which includes (Ts), (Hg), (Ms), (TB), (Hgp), (Mp), (Tss) and (Hpg)
all as its subclasses. The model is to maximize a mixed form over variables in binary

constraints, mixed with variables in spherical constraints, i.e.,

(MBS) max f(ml,m2,~- am87y17y2a"' 7yt)
st. xFeB™, k=1,2,...,s,

yleSm, 1=1,2,... .t

. . . . d do ... d dh dh ., d,
where associated with function f is a tensor F' € R71"™! X722 X0 XMs T XM 71 XmaT2 5 Xmy ot

with partial symmetric property, n1 < no < --- < ngand m; < mg < -+ < my, and
d=dy+dy+---+ds and d = dy +dy + - - + d} are deemed as fixed constants.

We shall derive polynomial-time approximation algorithms for this general model.
By relaxing (Mpg) to the multilinear function optimization model (Tps) and solving
it approximately using Theorem 7.2.2, we may further adjust its solution one by one
using the link Lemma 4.2.1 or Lemma 4.4.3, leading to the following general results in

two settings.
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Theorem 7.4.1 If f(x', 22 -, x° y', y? --- ,yt) is square-free in each x* (k =
1,2,...,s), and one of di (k =1,2,...,s) or one of d, (£ = 1,2,...,t) is odd, then
(Mpgs) admits a polynomial-time randomized approximation algorithm with approxima-

tion ratio 7(Mpg), where

2d—1 s it P —%
R 2 2 dg! d/E' HZ,l ’I’Lkdk H£,1 myp®t
M = — = =
7(Mps) <W> 1;[ 4% H e Toe T

1<0<t,3<d),

= O <H21 ”kdk HE:1 medé)

[SIE

s Mt

Proof. The proof is analogous to that of Theorem 7.3.1. We first relax (Mpg) to (I'’ss)
and get its approximate solution (&', &2, , &% 4%, 9%, - - ,@d/) using Theorem 7.2.2.
Let &1,&2, -+ ,&a4,m1,Mm2, - -+ ,ng be ii.d. random variables, each taking values 1 and —1

with equal probability 1/2. By applying Lemma 4.4.3, we have

d d’

i=1  j=1

Hdk'de'F( Lg2 ... @d@l?@?,...,gd'), (7.3)
k=1 =1

where
dy di+da d
1 2 ~k
Zg = Z{kw Zg = Z &ak, -, Zg = Z &, (7.4)
k=1 k=d1+1 k=di1+do+--+ds_1+1
and
4 di+d; &
~1 . Al A2 w4 I A ~ 0
U= md 0= > ey, 9= > ey’ (7.5)
/=1 l=d}+1 l=d|+dh+-+d;_ +1

n (7.3), as one of di, (k = 1,2,...,s) or one of d, ({ = 1,2,...,t) is odd, we are
able to move H‘ij:l & H?/:l n; into the coefficient of the corresponding vector (ﬁclg or @f;
whenever appropriate) in the function f. Other derivations are essentially the same
as the proof of Theorem 7.3.1. Besides, we only loose a ratio of d;!/ d’gd2 when dj, > 3
in 7(Mpg). This is because when d, < 2, the corresponding adjustments can be done

without deteriorating the ratio, like in the proof of Theorem 4.4.2. U

Theorem 7.4.2 If f(x', 22, - ,x° y', y> - ,yt) is square-free in each x* (k =
1,2,...,s), and all dy, (k=1,2,...,5) and all d, ({ =1,2,...,t) are even, then (Mps)
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admits a polynomial-time randomized approximation algorithm with relative approxi-

mation ratio T(Mpg), where

2\ T [ Ay 1 ) [T5_, ma [Th_, mee E
7’( BS) <7T) (H dkdk gzl_‘[d/%) < Ng My

k=1 4
= Q <HZ:1 g% szl my ) =
N My
Proof. The proof is analogous to that of Theorem 7.3.2. The main differences are: (i)
we use (7.3) instead of (7.1); and (ii) we use f <:§%, 3—5, e 3—5, Z—,i’, g—Z’, e ’%) instead

of f (ﬁ;&@n)’ where (ié,ﬁcg, e ,:%2,;1),1],@,27, e ,@%) are defined in (7.4) and (7.5). O

7.5 Applications

The generality of the mixed integer polynomial optimizations studied in this chapter
gives rises to some succinct and interesting problems, apart from their versatile ap-
plications. Nevertheless, it should be useful and helpful to present a few examples at
this point with more details, to illustrate the potential modeling opportunities with the
new optimization models. In this section, we shall discuss the matrix combinatorial
problem and some extended version of the max-cut problem, and show that they are

readily formulated by the mixed integer programming problems in this chapter.

7.5.1 Matrix Combinatorial Problem

We discuss a succinct and interesting matrix combinatorial problem. Given n matrices
A; e R™M>*™2 for 4 =1,2,...,n, find a binary combination of them so as to maximize
the combined matrix in terms of spectral norm. Specifically, the following optimization

model
(MCP) max omax(D g xiA;)

st. x;e{l,—-1},i=1,2,...,n,
where opax denotes the largest singular value of a matrix. Problem (MCP) is NP-
hard, even in a special case of my = 1. In this case, the matrix A; is replace by an
my-dimensional vector a’, with the spectral norm being identical to the Euclidean norm

of a vector. The vector version combinatorial problem is then

max || 3, ziall|

st. ze{l,—1},i=1,2,...,n.
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This is equivalent to the model (Tpg) with d = d’ = 1, whose NP-hardness is asserted
by Proposition 7.2.1.
Turning back to the general matrix version (M CP), the problem has an equivalent

formulation
max (y")" (Y7, 2:4:) y°
st. xeB" yleS™, y?ecSm2,

which is essentially the model (Tpg) with d =1 and d' = 2

max F(z,y',y°)
st. xeB" ylesS™, y? e Sm2,

where associated with the trilinear function F' is a third order tensor F' € R™*™M1xm2,

whose (1, j, k)-th entry is (j, k)-th entry of the matrix A;. According to Theorem 7.2.2,
the largest matrix (in terms of spectral norm in (M CP) formulation) can be approxi-
mated with a factor of , /m

If the given n matrices A; (i = 1,2,...,n) are symmetric, then the maximization

criterion can be set for the largest eigenvalue in stead of the largest singular value, i.e.,

max  Amax(D_r g i A;)
st. ze{l,—1},i=1,2,...,n.

It is also easy to formulate this problem as the model (Hpg) with d =1 and d' = 2

max  F(z,y,y)

st. xeB" yeS”,

whose optimal value can also be approximated with a factor of 4/ % by Theorem 7.3.1

and the remarks that followed.

7.5.2 Vector-Valued Maximum Cut

Consider an undirected graph G = (V, E)) where V' = {v1,va,- -+ ,v,} is the set of the
vertices, and £ C V x V is the set of the edges. On each edge e € FE there is an
associated weight, which is a nonnegative vector in this case, i.e., w, € R™, w, > 0
for all e € E. The problem now is to find a cut in such a way that the total sum of
the weights, which is a vector in this case, has a maximum norm. More formally, this

problem can be formulated as

~ max
cisacut of G

D we

ecC
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Note that the usual max-cut problem is a special case of the above model where each
weight we > 0 is a scalar. Similar to the scalar case (see [40]), we may reformulate the

above problem in binary variables as

max HZ1gi,jgn LiZjWis

s.t. xeB”,

where
— Wij i # J,

n
—'wz‘j‘f‘g wip = J.
k=1

Observing the Cauchy-Schwartz inequality, we further formulate the above problem as

(7.6)

max (Zlgi,jgn :L‘izvjw;j>Ty =F(z,z,y)
st. xeB" yeS™
This is the exact form of (Hpg) with d = 2 and d’ = 1. Although the square-free
property in & does not hold in this model (which is a condition of Theorem 7.3.1), one
can still replace any point in the hypercube (B™) by one of its vertices (B") without
decreasing its objective function value, since the matrix F(-,-,ex) = ((ng)k)nxn is
diagonal dominant for k = 1,2,...,m. Therefore, the vector-valued max-cut problem
admits an approximation ratio of % (%)% n-2 by Theorem 7.3.1.
If the weights on edges are positive semidefinite matrices (i.e., W;; € R™*™ W ;; =

0 for all (¢,j) € F), then the matrix-valued max-cut problem can also be formulated as

!
max  Amax (Zlgmgn a:i:chij)
st. xeB",

where Wéj is defined similarly as (7.6); or equivalently,

max y?l (nggn xia:jWQj) Y

st. xeB" yeS™,
the model (Hpg) with d = d’ = 2. Similar to the vector-valued case, by the diagonal
dominant property and Theorem 7.3.2, the above problem admits an approximation

3

ratio of i (%) 2 (mn)fé Notice that Theorem 7.3.2 only asserts a relative approxima-
tion ratio. However for this problem the optimal value of its minimization counterpart
is obviously nonnegative, and thus a relative approximation ratio implies a usual ap-

proximation ratio.



Chapter 8

Conclusion and Recent

Developments

This thesis discusses various subclasses of polynomial optimization problems, with a
focus on deriving polynomial-time approximation algorithms with worst-case perfor-
mance guarantees. These subclasses include many frequently encountered constraints
in the literature, such as the Euclidean spherical constraints, the Euclidean ball con-
straints, the ellipsoidal constraints, the binary constraints, and a mixture of them. The
objective functions range from multilinear tensor functions, homogeneous polynomials,
to general inhomogeneous polynomials. Multilinear tensor function optimizations play
the key role in these algorithms, whose ideas are based on lower order multilinear form
relaxations and decomposition routines. Connections between multilinear functions,
homogenous polynomials, and inhomogeneous polynomials are established in preserv-
ing the approximation ratios. All the approximation results are listed in Table 8.1. The
applications of these polynomial optimization models are discussed, which open up a
door to many potential modeling opportunities. Reports on numerical testings show
that the algorithms proposed are actually very effective, and they typically produce
high quality solutions. The worst-case performance analysis offers a theoretical ‘safety
net’, which is usually far from the typical performance. Table 8.1 summarizes the whole

structure of the thesis and the approximation ratios.

Most of the results presented in this thesis have been documented and submitted
for publications in research papers [47, 48, 49], which are all joint works with He and

Zhang. Chapter 3 and Chapter 4 are mainly based on [47], Chapter 5 is mainly based
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Table 8.1: Thesis organization and theoretical approximation ratios
Section Model Theorem Approximation performance ratio
d—2 3
3.2 (Tg)  3.24 (H m)
k=1
_1
2
3.3 T 3.3.4 log—(@—1)
(To) (H nk> <0g max my
4.2 (Hg) 4.2.2,4.24 dld~n=
43 (Hg) 431,432 dld~tn~ 3 Q) (10g (d-1) m)
_1
H Hk; 1nk ’
Pt} dkdk Ns—1
441  (Mg) 4.42, 444 = )
ﬁ dy! <H21”kdk> :
k:lldkdk n52
s 2
<H 7 ) <Hk 1nk Q <log_(d_1) max mk>
di* Ng—1 1<k<s
442  (Mg) 4.4.5,4.4.6 =1 .
S | S di\ ~2
H dk;l' <Hk1 ;lk ) Q <10g_(d_1) max mk>
g A6 Mg 1<k<s
5.2 (Pg)  5.2.2 2= % (d+ 1)ld2(n+1)"%
53  (Pg) 5.3.1 2= F (d+ 1) d 2 (n+1)" 50 (1og (d-1) )
54  (Pg) 5.4.2,54.3 9=2d(d + 1)1 d~2d(n +1)~* (t2+1)’%
et PN
6.2 Tg) 6.2.1 l ( )
(Tn) (2) an
9\ -1 s
63  (Hp) 632 633 () In (1 +\/§> dl d~dn= 5
T
1
d—1 s s—1 d T2
2 dy! k
<> In (1 +xf2) I1-% L=y e
™ Pt} dk k Ns—1
6.4 (Mg) 6.4.1,6.4.2 ) = )
2\t = dy! s i\ 72
(2) w(ve)(I1 o ) (Lo )
T o1 A" s
In (1+ 2
6.5 P 6.5.2 —— " (d+1)d ¥ n+1
(Pp) g e (@ D 1)
51 -4
7.2 (Tps) 7.2.2 <7T> (annme>
2d—1
2 _ /_
7.3 (Hps) 7.3.1,7.32 <2> d'dldd T
t " ;
7.4

2d-1 / 4 o\ =1
(Mpg) 7.4.1,7.4.2 LA di! dy! [Ty H2:1mzd€ ’
™ k dkdk d%dz UZRILT
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on [48], and Chapter 6 and Chapter 7 are mainly based on [49]. The results not on-
ly enhanced approximation algorithms for high degree polynomial optimizations, but
also opened up a wide range of new research topics for modeling and novel solution
methods. The research works have attracted some follow-up studies on the topic. For
instance, So [108] improved the approximation ratios of the models (Ts) and (Hg) to

d—2
Q ( zj 1/10;‘%:’“) and € <( 105 n) : >, respectively. Very recently, He et al. [46] pro-

posed some fairly simple randomized approaches, which improved the approximation

ratios of homogeneous polynomial optimizations with spherical constraints and/or bi-
nary constraints, and the orders of the ratios were comparable to that in [108]. Apart
from the improvements of the approximation ratios, Chen et al. [25] established the
tightness result of multilinear form relaxation for the model (Hg), and also derived
some local improvement algorithms for solving general polynomial optimization prob-
lems, especially for the model (Pg). Meanwhile, many other research topics are also
currently under investigations, including the extensions of polynomial optimization to
complex variables; the minimization counterparts of the models discussed in this the-
sis; the inapproximability results of these models; and of course issues from practical

applications of these models.
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