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APPROXIMATING TENSOR NORMS VIA SPHERE COVERING:
BRIDGING THE GAP BETWEEN PRIMAL AND DUAL"

SIMAI HET, HAODONG HU%, BO JIANG!, AND ZHENING LI$

Abstract. The matrix spectral norm and nuclear norm appear in enormous applications. The
generalization of these norms to higher-order tensors is becoming increasingly important, but un-
fortunately they are NP-hard to compute or even approximate. Although the two norms are dual
to each other, the best-known approximation bound achieved by polynomial-time algorithms for the
tensor nuclear norm is worse than that for the tensor spectral norm. In this paper, we bridge this
gap by proposing deterministic algorithms with the best bound for both tensor norms. Our methods
not only improve the approximation bound for the nuclear norm but also are data independent and
easily implementable compared to existing approximation methods for the tensor spectral norm. The
main idea is to construct a selection of unit vectors that can approximately represent the unit sphere,
in other words, a collection of spherical caps to cover the sphere. For this purpose, we explicitly con-
struct several collections of spherical caps for sphere covering with adjustable parameters for different
levels of approximations and cardinalities. These readily available constructions are of independent
interest, as they provide a powerful tool for various decision-making problems on spheres and related
problems. We believe the ideas of constructions and the applications to approximate tensor norms
can be useful to tackle optimization problems over other sets, such as the binary hypercube.
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1. Introduction. With the advances in data collection and storage capabilities,
massive multidimensional and multiway tensor data are being generated in a wide
range of emerging applications [21]. Tensor computations and optimizations have been
an active research area in the recent decade. Computing tensor norms is evidently
essential in modeling various tensor optimization problems. One typical example is
tensor completion (see e.g., [38]), in which the tensor nuclear norm is commonly used
as the convex surrogate of the tensor rank. However, most tensor norms are NP-
hard to compute [14], such as the spectral norm [13] and the nuclear norm [10] if
the order of a tensor is more than two, a sharp contrast to matrices (tensors of order
two) whose spectral and nuclear norms are easy to compute, e.g., using singular value
decompositions.
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The tensor spectral norm [24] is commonly known as the maximization of a mul-
tilinear form over Cartesian products of unit spheres, a standard higher-order gener-
alization of the matrix spectral norm. Taking a tensor T = (t;;,) € R"™™*™ of order
three as an example, its spectral norm

(1.1) [Tllo = max{T(x,y,2): 2|2 = lyl2 =z =1, ®,y,z € R"},

where T (z,y,2) =1, Z?:l > or_y tijkziyjzk is a trilinear form of (z,y, z). This is
equivalent to the best rank-one approximation of the tensor 7 in the tensor community

min{||7T - Az @y z|r: AeR,||z|2= |yl =|2]2=1, x,y,z€R"},

where || -||r stands for the Frobenius norm and ® stands for the vector outer product,
meaning that € ® y ® z is a rank-one tensor.

Although the tensor spectral norm is NP-hard to compute, it is easy to obtain
feasible solutions of (1.1) to approximate this norm. There have been a lot of research
works [34, 39, 23, 12, 16] on approximation algorithms of (1.1) in the optimization
community since the seminal work of He, Li, and Zhang [13]. The best-known worst-

case bound to approximate (1.1) in polynomial time is Q(y/2%) [34, 12]. One simple
approach for this bound is a naive randomized algorithm in [12]:
1. Sample a vector v uniformly on the sphere S := {& € R" : |||z = 1}, and
compute the spectral norm of resulted matrix, i.e., maxz|,—|y.=1 7 (%, y,v).
2. Repeat the above procedure independently until the largest objective value
from all samples hits the desired bound.
If we were able to sample all vectors on the unit sphere for z, then this approach cer-
tainly finds maxz,—|y|.=|=la=1 7 (Z,Y,2). It is obviously not possible to cover the
unit sphere by enumerating unit vectors. However, if we are allowed some tolerance,
say, an approximation ratio 7 € (0, 1], then a sample unit vector v becomes a spherical
cap

B"(v,7):={xeS":zTv>r1}

with the angular radius # = arccos7. In this setting, v is able to generate a
T-approximate solution if and only if the spherical cap B"(v,7) includes an optimal
z in (1.1). Alternatively, if we have a collection of unit vectors whose correspond-
ing spherical caps joining together cover the whole sphere, then the best one in this
collection can generate a T-approximate solution. In fact, the above algorithm does
imply a randomized cover of the unit sphere whose covering volume is at least 1 — ¢
for any ¢ > 0 with high probability. However, this is much weaker than what we
need here and even cannot guarantee the existence of a full cover. One of the major
contributions in this paper is to find a reasonable number of spherical caps to cover
the sphere, deterministically and explicitly.

There are certainly lots of decision-making problems over spheres. Among them
many are hard problems for which approximate solutions are commonly acceptable,
such as wireless communications [36] and spherical facility location [37]. There are
even harder problems where sphere covering seems irrelevant but can be indeed help-
ful. One of these problems is computing the tensor nuclear norm. Taking 7 € R™*™*"
again as an example, its nuclear norm is

(1.2)
|7 = min {Z N[ T =Y \ai @y @ zi, [@illa = lyilla = [|zil2 =1, GN} :

=1 i=1
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2064 SIMAI HE, HAODONG HU, BO JIANG, AND ZHENING LI

A rank-one decomposition of 7 that attains || 7|« in the above is called a nuclear
decomposition [10]. This is in general different to a CANDECOMP /PARAFAC (CP)
decomposition [15], which usually requires the number of rank-one terms to be min-
imum. In fact, the tensor nuclear norm and spectral norm are dual to each other
(see e.g., [25)), i.e.,

T« = max (T,X) and ||T ||, =

max
Ix],<1 1]l <1

<T7 X> )

where (-,-) stands for the Frobenius inner product. Computing or approximating the
tensor nuclear norm is much harder whether using the definition (1.2) or the dual
formulation—the corresponding feasibility problem is not easy at all. The situation
is different for the tensor spectral norm, as the feasibility to (1.1) is trivial. There are
various methods [7, 31, 21, 4, 35, 28, 19, 6] to compute the tensor spectral norm in
practice, but there is only one known method [27] to compute the tensor nuclear norm
to the best of our knowledge. This crucial fact has resulted in alternative concepts for
the tensor nuclear norm in practice, such as the average nuclear norms of the matrix
flattenings from three different ways. In terms of approximating the tensor nuclear
norm, the best polynomial-time worst-case approximation bound is Q(ﬁ) via matrix
flattenings [18] or partitions into matrix slices [22]. This bound is worse than the best-

known one lnT") for the tensor spectral norm. It is natural to expect achieving

this bound for the dual norm to the tensor spectral norm. As another major work
in this paper, via certain reformulation and convex optimization proposed in [17], we
are able to bridge the gap between the primal and dual norms with the help of the
constructions of spherical caps for sphere covering.

Covering a sphere by identical spherical caps has been studied in computational
geometry since the pioneering work of Rogers [32]. Instead of describing spherical
caps via the angular radius, the caps are measured in normalized volume in the
study. Specifically, by defining the normalized volume of a spherical cap to be its
true volume over the volume of S™ (in this sense the normalized volume of S" is one),
sphere covering asks, for a given positive integer m, what is the smallest § such that
there are m spherical caps with normalized volume 0 covering S”. The quantity dm
is called the density of the covering. Studying the bounds of this density has been
the main research topic along this line. An upper bound of O(nlnn) for the covering
density was obtained by Rogers [33] for sufficiently small §. This remains the best-
known asymptotic upper bound, although there were improvements made in terms of
the constant of the asymptotic bound and for any ¢ in [2, 8].

For the lower bound of covering density, there is not a clear answer in general other
than the trivial one, i.e., ém > 1. Rogers [32] stated that the density of a covering
cannot beat a natural strategy based on tiling R™ with regular simplices, known as
the simplex bound, whose value remains a conjecture and unproven. Rogers [32]
computed that for 6 — 0, the density is close to # It is believed that the density
is Q(n). Several special cases for the simplex bound have been confirmed, either for
very small § or for ¢ in large cap regime; see [20] and references therein. Other than
the two trivial cases for m = 1 and m = 2, which correspond to § =1 and § = %,
respectively, perhaps the first nontrivial work along this line is due to Lusternik and
Schnirelmann [1]: If n open or closed sets cover S™, then one of these contains a pair
of antipodal points. This implies that if § < %, then m > n + 1, an obvious lower
bound of Q(n) for any universal constant ¢ < 1.

There are two optimization problems that are relevant to sphere covering in

the literature. The sphere coverage verification is to decide whether a given set of
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spherical caps cover the sphere. Petkovié, Pokrajac, and Latecki [29] showed that
sphere coverage verification is NP-hard and proposed a recursive algorithm based on
quadratic optimization. The spherical discrepancy is to find the furthest point in
S™ to a given set of points {v1,v2,...,v,,} CS", i.e., mingesr» maxj<j<,, ' v;. The
spherical discrepancy is also NP-hard since it is the optimization version of sphere
coverage verification, which is a decision version of spherical discrepancy. Jones and
McPartlon [20] proposed a multiplicative weights-based algorithm that obtains an
approximation bound up to lower-order terms.

Although there is extensive research on the density of sphere covering and related
problems, they do not exactly serve the purpose of our study in this paper. The
asymptotic bounds on the normalized volumes are not aligned with the goal to ob-
tain approximation bounds based on inner products between unit vectors. The upper
bounds obtained in [2] are existence results via a randomized approach. The con-
struction in [30] works only in the large cap regime for § = e~ V™, which has resulted
in the number of caps being exponential in n. A recent work on spherical discrepancy
minimization [20] showed an algorithm to generate spherical caps sequentially until a
covering is satisfied, but the running time to generate a cap is O(n'%). Our goal is to
achieve a good balance between the approximation measured by cos@ for the angular
radius € and the number of caps that are not too large, say, bounded by a polynomial
function of n. More important, we hope to obtain explicit constructions of spherical
caps to cover the unit sphere. These will be of great benefit to the algorithm and
optimization community apart from our applications in approximating tensor norms.
The products of our simple and explicit constructions, together with some trivial and
known constructions, are summarized in Table 1.

This paper is organized as follows. After introducing some uniform notations,
we propose various constructions of spherical caps for sphere covering and bound the
ratio 7 and number of caps of each construction in section 2. We work around a
key ratio Q(\/@), which is the largest possible if the number of spherical caps is
O(n®) for some universal constant o > 1, from randomized covering (section 2.1) to
deterministic covering (section 2.4) with some interesting by-products (sections 2.2
and 2.3). In section 3, we apply the covering results to approximate tensor norms.
Specifically, we propose the first implementable and deterministic algorithm with the
known-best approximation bound for the tensor spectral norm and related polynomial
optimization problems in section 3.1. A deterministic algorithm with an improved ap-
proximation bound for the tensor nuclear norm is proposed in section 3.2. Numerical
performance of the proposed algorithms is reported in section 3.3. Finally, some con-
cluding remarks are given in section 4.

TABLE 1
Constructions of spherical caps to cover the unit sphere.

Set of v’s for B" (v, T) 7 for B"(v,T) Number of B" (v, 7)’s
Any {v} where v € S™ -1 1

Any {v,—v} where v € S™ 0 2

Any regular simplex inscribed in S™ 1/n n+1

Any basis of R™ with their negations 1/v/n 2n

HY (section 2.1), H} and HE (section 2.4) Q(y/Inn/n) O(n®) for a>1
HY (section 2.2) Q(1/v1nn) o(3")

HE (section 2.3) Q(1) O(B™) for B> 4
H{ (m) (grid points in spherical coordinates) 1— O(n/m?) O(mn~1)
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Some uniform notations. Throughout this paper, we uniformly adopt low-
ercase letters (e.g., z), boldface lowercase letters (e.g., & = (x;)), capital letters
(e.g., X =(=i;)), and calligraphic letters (e.g., X = (xi,4,...;,)) to denote scalars, vec-
tors, matrices, and higher-order (order three or more) tensors, respectively. Denote
R™M XM2X X0 4 he the space of real tensors of order d with dimension nq Xng X - - - Xngq.
The same notation applies for a vector space and a matrix space when d =1 and d =2,
respectively. Denote N to be the set of positive integers.

The Frobenius inner product between two tensors U,V € R™ 2> X" i5 defined
as

ni no Nng
<U,V> = E E E uilig...idviliz...id-

i1=lis=1  ig=1

Its induced Frobenius norm is naturally defined as || 7| := +/(7T,7T). The two terms
automatically apply to tensors of order two (matrices) and tensors of order one
(vectors). This is the conventional norm (a norm without a subscript) used through-
out the paper.

All blackboard bold capital letters denote sets, such as R", the unit sphere S”,
a spherical cap B"(v,7), and the standard basis E" := {e;, es,...,e,} of R", where
the superscript n indicates that the concerned set is a subset of R™. Three vector
operations are used, namely, the outer product ®, the Kronecker product X, and
appending vectors V. Specifically, if € R™ and y € R"?, then

T ®y:wyT GR”IX"Q’
cXy= (xlyT,xzyT, . 7xmyT)T cR™M"2,

T
wvy:(xlax27"'7wn17y1ay2>"'7yn2) ER”1+7L2.

These three operators also apply to vector sets via elementwise operations.

2. Sphere covering by spherical caps. This section is devoted to explicit
constructions of spherical caps to cover the unit sphere S in R" for n > 2. Although
this is more commonly denoted by S" 7! in the literature, our notation is to emphasize
that the sphere resides in the space of R™ and to better understand the constructions
via Kronecker products.

Recall that for v €S"” and -1 <7 <1, B"(v,7) ={z €S": 2Tv > 7} is a closed
spherical cap with the angular radius arccos7. Obviously, B"(v,—1) = S", B"(v,0)
is a hemisphere, and B"(v,1) is a single point. A set of unit vectors H" = {v; €
S":i=1,2,...,m} is called a 7-hitting set with cardinality m if | J;~, B" (v;,7) =S";
i.e., the m spherical caps cover the unit sphere. Denote all 7-hitting sets of S with
cardinality no more than m to be

T(n,7,m):={H" CS":H" is a 7-hitting set, |[H"| <m}.
It is easy to see the monotonicity, i.e.,

T(n,m2,m) CT(n,71,m) if 11 <o,
T(n77—7m1) QT(n,T,mQ) if mi §m2.

We will be working around 7-hitting sets with 7= Q(4/ 1“7") This is the largest
possible if the cardinality of the hitting set is bounded by O(n®) with some univer-
sal constant « > 1; see, e.g., [12]. Other useful 7-hitting sets with larger 7’s are
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also constructed as by-products that are of independent interest. The aim is to con-
struct hitting sets with the cardinality as small as possible. Let us first look at some
elementary ones.

It is obvious that for any v € S”,

{v} e T(n,—1,1) and {v,—v} € T(n,0,2),

both attaining minimum cardinality. For 7 > 0, the famous Lusternik—Schnirelmann
theorem [1] rules out any possible 7-hitting set with cardinality no more than n. There
is an elegant construction of %—hitting sets with cardinality n+ 1. If v1,v9,...,0,11
are the vertices of a regular simplex centered at the origin and inscribed in S", then

1
{v1,v9,..., 0,41} €T (n,,n+1).
n

Detailed construction is easier to be obtained from R™ ™ and is left to the interested
reader. Raising 7 to in without increasing the number of vectors too much, one has

for any basis {v1,vs,...,v,} of R",

1
{+tvq,+vg,...,+v,} €T (n, \/ﬁ,2n> )

However, slightly increasing this threshold, say, to \/1“7", will significantly increase

the cardinality of a hitting set. As mentioned earlier, if the cardinality is bounded by

a polynomial function of n, then the largest possible 7= Q( an)

Toward the extreme case that 7 is close to one, the longitude and latitude of Earth
provide a clue. For any © = (21,22, ...,7,)" €S", we denote its spherical coordinates
to be (¢1,92,. .., on—1) With ©1,02,...,0n_2 €[0,7] and ¢,,_1 € [0, 27) such that

T1 = COS P71
ZTo = sin @i COs Ya

T3 = sin 1 sin s cos @3

Tp—1 =siN1...8IN@,_2COSP,_1
T =-sin@;...SIN@,_2SINYy_1.
If we let Dlz{%:k:O,l,...,mfl} and DQ:{%:k:O,l,...,me 1}, then the
grid points in spherical coordinates (see [17, Lemma 3.1]) are

(2.1)

m(n—1) 1
Hg(m) = {:I}GS":QDl,...,QQn,Q €Dy, ©n—1 GDQ}ET(TL,].— W,an_ > .

To see why H{ (m) is such a hitting set, for any z € S" with spherical coordinates
©(z), there must exist @ € H{j (m) with spherical coordinates ¢(x) such that

1 = mv/n—1
— < — < L . 1= -
lz =zl < flo(x) —p(=)l < 5 - - Vi o
Since ||x|| = ||z|| = 1, the above further leads to
1 1 72 (n—1) 72 (n—1)
T, _ 2 N
zlz=5 (2~ le-z| >>2<2‘4mz>—1‘8mz-
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2.1. Randomized Q(y/Inn/n)-hitting sets. It is instructive to consider ran-
domized hitting sets via the uniform distribution on S™. This is also important, as

it guarantees the existence of Q(4/ lr‘T")—hitting sets. The following probability bound
(see, e.g., [12, 3]) provides an insight of such a hitting set.

LEMMA 2.1. For any v € (0,72%), if u and v are drawn independently and uni-

»Inn
formly on S", then there is a constant d depending on v only such that

Inn )
Prob { uTv >4/ il > LA
{ - n “ n27/Inn

In fact, it is not difficult to cover 1 — € of the volume of the unit sphere for any
€ > 0 by applying Lemma 2.1 with the union bound; see [12]. However, this is a much
weaker statement than Theorem 2.2 below. In particular, the event of covering 1 — ¢
of the volume of S™ for any given € > 0 does not even guarantee the existence of a
full cover. The following randomized hitting set has a cardinality O(n®) for some
constant a > 1.

THEOREM 2.2. For any ¢ > 0 and v € (0, ), there is a constant k., > 0
depending on v only such that

1
HY (v, €) := {zi is 1.4.d. uniform on S",i=1,2,..., %szy Inn <n1nn—|—ln e)-‘ }

satisfies

[y1 1
Prob {H’f(%e) eT (n, 72nn7 {nvn%vlnn (nlnn + ln)-D } >1—e
n €

Proof. The sphere covering is established in two steps: A spherical grid H to
cover the whole sphere and the randomized hitting set HY to cover the grid.
2
According to (2.1), one has H (m) € T(n, 1—%, 2m"~1). Let m > n. For any

8
72 (n—1)
8m?

x €S", there exists y € Hy(m) such that Ty >1— . By Lemma 2.1, for any

z; € H} (7, €), there exists a 0, depending on v and Prob {yTz; > Wlnﬁ} = nﬂi}ﬁ’

. 5 .
i.e., Prob{yTz; < 71:"} <1——5=. Denote t = |HY (v, €)]. By the independence
of z;’s, we have

t
m{ gy ) L T, < )2
Prob {yg_f UIB <z1, n )}Prob {lgl?é(ty z; < - }

i=1

5 t
< (1 - v) |
n?7vInn
Since |Hj(m)| = 2m™~! and the points of Hjfj(m) are fixed, the probability that

Ul_, B" (2, 71:;”) fails to cover at least one point of Hjy(m) is no more than
’n.fl( _ Oy
n27vInn

' t
n n [vIlnn i 0y

1=1

2m )t. In other words,
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By that m >n > 2, it is not difficult to verify that if ¢ > n’ B an Inn (n Inm+In= ) then
the right-hand side of the above is at least 1 —e.

To summarize, if Hjj(m) C JI_, B" (2, \/ "’1;;”), then for any « € S", there exists
2
y € Hj(m) such that yTz >1— %

that zTy > 71:;". If we are able to verify zTa >

Ule B"(z;, 7;‘;") =S". This finally leads to

o ) e ()

>1—ce.

, and further, there exists z € HY (v, €) such

~lnn

5n > then we must have

To show that zTx > 7“;" we let §; = arccos(yTx) and 0y = arccos(zTy). As
cosfy >1— M >1-— %, one has [sinf;| <4/1— (1 — %)2 < 1/%. Therefore,

(2.2) 2"z > cos(61 + 02)

= cos 01 cosfy — sin 0y sin O,

(- 2) V- 2

ylnn
- 2n

if n > no for some ng that depends on « only. By choosing m = n in H{(m) and
Koy 5 , we have the desired ¢ for n > ng.
To finish the final piece for remaining n < ng, we may enlarge m in H{(m) in

order for (2.2) to hold. If we choose k, = 51“1"’ correspondingly, this will ensure

1 1 2VInn 1
ryn®VInn (nlnn+ln ) nm n VAR <nlnn—|—ln)
€ €

nn 0y

27,/
> w (nlnm—i—lnl) .
0y €

The largest x. for these finite n < ng provides the final x, that depends only on ng,
which itself depends on v only. 0

Theorem 2.2 not only provides a simple construction with varying v but also triv-
ially implies the existence of hitting sets in T(n, Q(y/22), O(n®)). Although HY (7,€)
is a full sphere covering with probability 1 — e for any small € > 0, it cannot be used
to derive deterministic algorithms, and even in some scenarios, the feasibility may be
questioned, as we will see in approximating the tensor nuclear norm in section 3.2.
Moreover, to verify whether HY (v, €) covers the sphere, the sphere coverage verifica-
tion is NP-hard [29]. Therefore, explicit and deterministic constructions of hitting
sets in T(n, Q(y/ 1‘”‘), O(n®)) are important. To get this job done, let us first look at
two types 7-hitting sets with larger 7.
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2.2. An Q(1/vInn)-hitting set. If the hitting ratio 7 goes beyond Q(,/ lrl”),
we have to give up the polynomiality of n. Let us consider

n z n n
H2 :{”z” GS :Ze{_laoal} 7||z||7é0}

It is obvious that |H3| < 3™. We need to work out how large 7 is for this 7-hitting
set, essentially Theorem 2.3 below. Interestingly, some results in matroid theory will
be used in the proof.

To begin with, let T:={1,2,...,n} and its power set 2! := {D: D CI}. For any
D € 21, define

Yp:={yeR":y;€{-1,1} for i €D and y; =0 for i eI\ D},

and denote Y" := Upear (g} Yp- It is casy to see that Hy = {1;:y € Y"}. Our goal
is to establish a lower bound of mingcgn maxzemy zTz.

THEOREM 2.3. It holds that
T

T |xl| 2
2.3) min maxx'z=m .
(23) @eS™ 2€H? et Dezﬂ\{@}er ||y|| ~ e ]D>€2][\{VJ} Z VD]~ \/lnn +5

It is straightforward to verify all the equalities in (2.3). To show the inequality,
let us consider the following optimization problem:

max{”:c”2 : Z |z5] < a/|D| for all D € 2\ {(/)}} ;

ieD

where a > 0 is a given constant. This is equivalent to

(2.4) max{|:c|2:ac20,z:vi§a\/|ﬂ)| for all]D)EQH},

€D

which is to maximize a strictly convex quadratic function over a polyhedron

X" = {a} ERY:Y z;<ay/[D| forall De QH}.
i€D
Therefore, the optimal solution of (2.4) must be obtained at some extreme points of

X™. To compute the optimal value, we now characterize extreme optimal points of
(2.4). We need the following two technical results for the preparation.

LEMMA 2.4. If g : 28 — R where g(D) = a+/|D| with a > 0, then X" is a
polymatroid with respect to the function g and the index set 1.

Proof. Tt suffices to show that ¢ is a rank function, i.e., normalized, nondecreasing,
and submodular. Obviously, g(#) = 0 and ¢g(D1) = ay/|D1]| < ay/|Ds] = g(D2)
whenever D; C Dy C 1. It remains to show the submodularity

9(D1 UD3) + g(D1 NDa) < g(D1) +g(D2) VD, D CL

If we let D] = a, | D2\ Dy = b, and |D; N D2| = ¢, then the above inequality is
equivalent to

Va+b+vVe<va+vVb+ec Ya>c>0,b>0.
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This is actually implied by

b b
va+b f—m+ﬁ§m+ﬁ=vb+c—ﬁ. O

The next result is well known regarding an optimal solution of maximizing a linear
function over a polymatroid; see, e.g., [9].

LEMMA 2.5. Consider the linear program

max{aTw cx >0, Zx’ <g(D) for all D€ 2]1} ,
ieD
where a € RY and g is a rank function. Let (wi,m2,...,m,) be a permutation of 1

wWith Qr, > Gry > -+ > ax, > 0. An optimal solution x to the linear program can be
obtained by letting

o { g({mi}) i=1,
T gy, m) —g({m, . mioa ) =200,

We can now characterize extreme optimal points and upper bound the optimal
value of (2.4).

PROPOSITION 2.6. The optimal value of (2.4) is no more than 2+5a2.

Proof. Denote z to be an optimal solution of (2.4). In fact, z is the unique
optimal solution to the linear program

(2.5) max 2" x.
wEXVL

If this is not true, we then have another y € X" with y # 2z and 2Ty > 2Tz = ||z||%.
This implies that |ly[|? > ||z|?, invalidating the optimality of z to (2.4).

Applying Lemma 2.4 and Lemma 2.5 to (2.5) with g(D) = ay/|D| and @ = z € R}
and choosing a permutation (71, ma,...,m,) with z;, > zr, >+ > 2z, >0, one has

_Ja 1=1
e (Vi- Vi) i=2,...,n.

As a consequence,

]
n 1 2
= zz: \[—l—\/z— )
- 1
<UD T
=2
§1+lnn4+1.

This shows that the optimal value of (2.4), [|z||?, is upper bounded by 22542 0O

We are ready to finish the final piece, i.e., to show the inequality in (2.3). If this
is not true, then there is an @ € S" such that

|'Tz| 23 .
with 0 < 8 < 1.
D€2I\{®}Z VDl \/lnn+5 P
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This means that |z| € R} with ||z|* =1 is a feasible solution to (2.4) for a = thiﬁ

However, according to Proposition 2.6, the optimal value of this problem is no more
than

Inn+5 , Inn+5 452

2
_ . — 52 <1
1 @ T tnis 0 <hb

giving rise to a contradiction. Finally, we conclude this part as below.

COROLLARY 2.7. It holds that

2
H €T (n, ——o 3" ).
2 ( vinn+5 )
2.3. Q(1)-hitting sets. HY is simple and almost close to help the construction

of deterministic ( -hitting sets, the story of which will be revealed in the next
subsection. To make this final small but important step, {2(1)-hitting sets are needed.
A finely tuned version of HJ is in place.

1
)

ALGORITHM 2.1. Given S™ and parameters o > 1 and B8 > a + 1, construct

Hiz (e, B).

1. Let m = [logg an], and partition 1 into disjoint subsets 11,1, ..., Ly, where
(2.6) \H1|:n—Z|Hk| and |Hk:{ﬁk 1J fork=23..
k=2

2. For any partition {11,1a,..., I} of I satisfying (2.6), construct a set of vectors
ZM (I, I, ..., Iy) = {z ER™:z ¢ {il,iﬁ%} ifi €1y, for alli and k}
3. Put allZ"(13,1s,...,1,,) s together to form

n n
7" = U Z"(Iy, Iy, . .., Iy).
{I,I2,....I,, } is a partition of I satisfying (2.6)

4. Project " onto the unit sphere, i.e., H5 (a, ) := {ﬁ eSt:zeZ"}.
We see from the first step of Algorithm 2.1 that

Z'H’“'<25k =Fo1 D S AT

implying that

(2.7) |H1:]I|—Z|Hk2n—ﬂanl:<1—ﬂal)n20.

k=2

Therefore, the feasibility of the construction is guaranteed. On the other hand, as
m = [logg an], we have

m an an p an
k222|]1k|+1 >ZB’€ - = _1 T EIE-1) -1 F-1°F-1 %
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implying that

(2.8) L|=n— |L
k=2
=n+m—1—Z(|Hk|—|—l)

k=2
<n+l an__
n+logg an — ——
- &6 Bg—1

THEOREM 2.8. For any x €S", there is z € H} (o, B) such that zTx > ﬁ
« «

Proof. For any given ||| =1, define the index sets

1
= ) : < —
Do () {ZEH |1:1|_\/Cm} and

(2.9) Dk(w):{ieﬂ:wﬁk_l <|x¢<\/5k} for k=1,2,...,m
an an

For any entry a; of @, |z;] <1< \/ , and so {Dg(x), Dy (x), ..., Dy (x)} is a partition
of I
We first estimate |Dg ()| for k& > 2. Tt is obvious that for k > 2,

/Bk 1 Bk—l
—[Di(x)|= D ——< Y |ul<L

1€Dg (w) iEDk(w)

This implies that [Dy(z)| < 571, ie., [De(x)| < [57%] for k =2,3,...,m. Hence,
there exists a partition {I;,Is,...,I,,} of I satisfying (2.6) such that ]D)k(a:) C I for
k=2,3,...,m. Furthermore, we may find a vector z € Z"(I1,1o,...,1,,) such that

_ [sign(xi) 1 € Dp(x),
N sign(mi)ﬂ% 1 €Dg(x) for k=1,2,...,m

where the sign function takes 1 for nonnegative reals and —1 for negative reals.
In the following, we shall estimate zT2 and ||z||. First of all,

Z ;2 < Z igl and i Z xiQ:inzf Z Ii2217l.
i€Do () i€Do () an.« k=14i€Dy (x) i€l i€Do () @

Next, we have

Z 22 = |Do(x)| <n and

1€Dp (x)
Z Z 22 i Z Br- 1<§: Z anz;? < an.
k=1ieDy(x) k=14ieDy(x) k=1ieDy (x)

As {Dy(z), D1 (), ...,D,,(x)} is a partition of I, summing the above two inequalities
would give us Hz||2 (a+ 1)n.
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Finally, as sign (z;) =sign (z;) for every i € I

g 5 s 3 [Fors 5(-3)

k= lleﬂ)k )

where the second inequality is due to the upper bound in (2.9).
To conclude, we find Z; € HY (e, ) such that

HiH \/m(l_cl)) \/(alﬂ)n:\/;;(;lﬂ)’

proving the desired inequality. ]

We also need to estimate the cardinality of Hf («, 8). To simplify the display, we
now replace 8 by v+ 1, where v > « in the rest of this subsection.

PROPOSITION 2.9. Given two constants 1 < a <~, one has

(2.10) |H’§(a,7+1)|§<2 = ~(7+1)m?”< v ) ! —|—0(1)> .

v—a
Proof. For any given partition {Iy,Is,...,L,} of I satisfying (2.6), x; can take

two values if ¢ € [} and four values if ¢ € [ for £ > 2. By considering the number of
such partitions and possible overlaps after projecting on to S™, one has

5 (0, y + 1)] < e 2 T4l
’ H 71| k! H
By (2.7), we have

9l | H Al — Mg 3750 Ml — 9= Ilalg > 70y Ikl < 9—(1=F)nyn _ o(1+5)n
k=2

It remains to estimate I n!

T o based on the following from (2.6), (2.7), and (2.8)
with =~ +1: -

mn < || <mn+Inypin+3and |Ixy| = [men| for k=2,3...,m

where 11 = 1 —% and 7 = (v+1 GFoT for k =2,3...,m as well as >_;" | |I;| = n,
m=[log,.;an] and 1 <a <7.

We first notice that
m

= mn
k=1

We then consider the function f(z) = xzlnxz — x, which is increasing and convex
over [1,00) since f'(z) =Inz and f”(z) = 1. Therefore, for any z > 1 and y > 0,
M < f'(z +y) = In(x + y), implying that f(z +y) — f(z) < yln(z + y).

Applylng this fact to |[Ii| for k=1,2,...,m, we obtain

m

—Zﬁk

m

Zm: [|IIx] — men| < O(lnn) + Z O(Inn).

k=2

F(IIL 1) = £(mn) = O(In®n) and f(men) — F(|Tx]) = O(Inn) for k=2,3,...,m
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These, together with the Stirling approximation In(n!) = f(n) + O(lnn), lead to
In(|I;|") = f(mn) + O(In*n) and In(|Ix]!) = f(men) + O(lnn) for k=2,3,...,m
We are ready to estimate m within a deviation of o(n) as follows:

n!

In ———
Hk:l |]Ik|!
m
= > In([Ii|!)
k=1

m

m
=nlon—n— annln(nkn) + ann +o(n)
k=1 k=1

= (n - Zn;m) (Inn—1)— annlnnk —mnlnn; + o(n)

k=1 k=2

« « Y-, Y-«
=— 1 - 1 +
D RS A B B

alna ook —1) VN )
== ————In(y+1)+ | ——1 +
nz (y+1)F1 nkzzg(y+1)k—1 (v +1) ( S el

:—<’Ylna)n+ (%Hln(7+1)>n+ (7;aln’yza>n+o(n),

where the last equality is due to the fact that m = [log,; an] implies

zm: 1 1 1 L, (1) and
—— = — ——==—+40 an
ol Qo 9 L B 1O o ) K
k-1 y+1 m m—-1  y+1

NE

— _ + = +o(1).
A O D e O DL e O o D K W

=~
||

Finally, by combining the upper bound of 211/ ]}, 4! we have [Hj (o, y+1)| <
t", where

Yo

o a a(y+1) il
=20 i) () T e
v—a

oo

Jta _a alytl) y ¥
=2 S (v 1) 2 1).
@ Hr ) ()T o) :

In a nutshell, we have the following.

COROLLARY 2.10. For any given 1 <a <7,

(2.11)

H3 (o, v + 1)

—1 o _a aly+1) e "
€T (n, e (25 a5y +1) ( - ) +o(1)] .
ala+1)(y+1) v
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TABLE 2
Properties of HY (a, a+ 1) for some a.

a 17.42 7.64 4.75 4.24 4.00 3.00 2.00

7 for the 7-hitting set 0.213 0.278 0.299 0.30028 0.300 0.288 0.235

t for [HF (a, 0+ 1) < t7 5.00 6.00 7.00 7.31 7.48 8.47 10.40

For a fixed o« > 1, the largest a—l is —a=1 achieved when v = «.
=7 & Veal(a+1)(y+1) (a+1)Va? v

Correspondingly,
|HE (o, + 1)] < (4071(a + l)aT+1 + 0(1)) < (4+¢)" for some large a.

If we maximize in order to achieve the best 7 for the 7-hitting set, this is

@tnva
1/%(5\/5 —11) ~ 0.30028 when o = 2 + /5 &~ 4.236. For reference, we list the 7 and
the cardinality for some H (o, + 1) in Table 2.

If we are interested to minimize the upper bound of |Hj (a, v+ 1) in (2.10), then
by fixing a and choosing v sufficiently large, the bound can even be (2+¢€)™. However,

this makes sense only if ¥ < n. Moreover, the corresponding 7 = ——2=L___ will
a(a+1)(v+1)

decrease quickly as v goes large.

2.4. Q(+/Inn/n)-hitting sets. The hitting sets in sections 2.2 and 2.3 can be
used to construct new hitting sets which in fact derandomize the constructions in
section 2.1. Recall that E" = {ej,es,...,e,} is the standard basis of R", X denotes
the Kronecker product, and V denotes vector appending.

LEMMA 2.11. If a hitting set H™ € T(ny,7,m) with T > 0, then E"™ XH™ €
T(nina, ﬁ,mng).

Proof. First, for any e; € E" and z € H™, one has |le; K z|| = |le;] - ||z] = 1.
Thus, E™ KH™ C §™"2. For any « € S""?, let « = &1 Va3 V-V @&,,, where
x € R™ for k=1,2,...,no. Since > 2, ||lzx||* = ||z|* = 1, there exists an x; such

that [|z;||? > n%
Observing that H:zl\ € S™, there exists y € H"* such that yTni—ZH > 7. Therefore,

we have e; Ky € E" KH"! satisfying

-
VALP '
Finally, by some possible overlaps, one has |[E"? XH"| < |E"?|- |H™| <ngm. 0O

LEMMA 2.12. If two hitting sets H"* € T(ny,71,m1) and H"™ € T(ng, 72, ms) with
71,72 >0, then

(e;¥y) =y 'z >7|z;]| >

7172

R /7—12 + 7—22

Proof. For any & € S™ "2, let & = a1 V @2, where ;1 € R™ and x5 € R™2. If one
of them is a zero vector, say, 1 = 0,,,, then ||a3]| = 1. There exists y € H"? such that
yTxy > 7, and so

(H”lvonZ)U(omvH”?)eT(nl + na, ,m1+m2>.

7172

R /7—12 + 7—22

(0, Vy,z1 Vo) =y 22 > 1 >
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If both x; and x5 are nonzero, then H:—:” € S" for k =1,2. There exist y, € H"*

. ygfﬂk _
with T > 71 for k=1,2. We have

[N

<y1 \ On27w1 \ $2> = yrlrwl > 7'1”%1” and

<0n1 VY, T1 \/CB2> zyng 27'2||CB2||~

As T||lac1H2 + |z2||* = ||z||> = 1, we must have either |z;| > T or lz2f 2
T In any case, we have
7172
maxi7i |||, 2||T2||} =2 —F—]—
{rullafl, QH}_\/W’
implying that either y; V 0,, or 0,, V y, is close enough to x. O

We are ready to construct new hitting sets using Hj € T(n,Q(ﬁ),i{”) in
section 2.2 and HY € T(n,p,v™) with universal constants p,v > 0, a handy nota-

tion of (2.11) in section 2.3.

THEOREM 2.13. Given an integer n > 2, let ny = [Inn], ny = Lnﬂlj, and nz =
n—niny. One has

(2.12)

n.,__ n2 ny n3 Inn 1+In3
H} = ((E &HQ)vonB)U(onmvHQ)eﬂf(mgz(,/nlnlnn),om )] -

Proof. First, as ng=n—mny L;—Llj <njp, we have

(2.13) ni<lnn+1, nggi, and n3 <Inn.
Inn

According to Corollary 2.7 and Lemma 2.11,

1 [ Inn 3nltind
E™ XH'eT Q —— MCT Q .
2 € <n1n2, (\/m) 7”23 > = <n1n27 ( nlnlnn) ) Inn

Besides, one has

1 1
H? eT(ns, Q| ——],3™ | CT(n3,Q( —— ,n1“3>.
? < ’ (vlnns) >_ < ’ (\/lnlnn>

Since \/lnllnn > /22— (2.12) can be obtained by applying Lemma 2.12. |
Although Q( nlll?{r‘l —) is slightly lower than €(4/ 1“7”), the construction of HY in

(2.12) is very simple (using Hj) and enjoys a low cardinality O(n'*23) < O(n%?1).

We remark that it is even possible to construct an nllr?l’; —)-hitting set with a

lower cardinality O(n'®). This can be done by using Hy*(m) with m = [VInn] and

ny = [{22-7 in place of Hj* in constructing H} in Theorem 2.13. We leave the details

to the interested reader. In order to remove the \/% factor, we need to make use
Inlnn

of HE (a, B).
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THEOREM 2.14. Given an integer n > 2, let n1 = [Inn], no =[], and nz =
n—ning. By choosing any HY (o, B) € T(n, pu, v™) in (2.11) with > 1 and > a+1,
one has

HE (o, B) = ((E™ RHE (0, £)) V O ) | (O, VS (@, 8))

Inn
T O 1+lnv )
€ (n,u\/nHmf (n )

Proof. The proof is similar to that of Theorem 2.13 by noticing (2.13) and apply-
ing Lemmas 2.11 and 2.12. We only need to carry out the calculations.
The 7 for the 7-hitting set E"* K HE* (o, 8) is &=, and that for H5% (o, 8) is p.

p vna?
. Tns M

By Lemma 2.12, the 7 for Hf (o, 8) is \/‘Lfﬂbz = \/ni+1 >y / n1+nl;Ln

ng
For the cardinality, one has
1+Ilnv
[E™ XH5! (o, B)] < mov™ < T and |H5% (o, 5)| <v™ < v,

nn

Adding up these two would give O(n!+n?). 0

With the cardinality O(n!*™¥) in place, it is natural to select the best u for
HE (o, ) with =~ +1in (2.11). According to Table 2, the largest p = 0.30028 with
v = 7.31, obtained when o = 2 + V5 and 8=3+ v/5. This results in a cardinality
O(n'*tmv) <O(n?). To conclude, we have

(2.14) Hy (24 v5,3+V5) €T (n,0.3\/h;n,0(n3)>.

To conclude this section, we remark that the estimated 7 serves a lower bound
and that m serves an upper bound for the proposed hitting sets. We evaluate their
exact values of one example (n = 6) by numerical computations, shown in Table 3,
where the Greek letters in estimated values are some unknown constants. Due to the
randomness of HY, we try ten times for any m and provide corresponding 7 by an
interval range.

For our main constructions of Q(/ 1“T”)—hitting sets, HY, Hy, and Hf , comparisons
of 7 and m for a few small n’s are shown in Table 4. We observe that random hitting
sets outperform deterministic ones when n increases, although they are worse when
n is small.

TABLE 3
Ezact and theoretical estimates of T and m for hitting sets in SS.

Hitting set in S® Exact 7 Exact m Estimated 7 Estimated m
A regular simplex in S® 0.167 7 0.167 7

ES U (—ES) 0.408 12 0.408 12

HS (1, €1) [0.331, 0.442] 27 w1 - 0.546 o1 - 641

HS (y2, €2) [0.521, 0.592] 60 wa - 0.546 09 - 62

HS 0.546 27 w3 - 0.546 o3 - 62792
HE(2+ 5,3+ V5) 0.544 36 wy - 0.546 04 - 62989
s 0.835 728 ws - 0.747 36 =729
HS(2 + V5,3 4+ V5) 0.820 16896 we - 1.000 7.316 = 152582

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



APPROXIMATING TENSOR NORMS VIA SPHERE COVERING 2079

TABLE 4
Ezact 7 and m for Q(y/Inn/n)-hitting sets in S™.

H™ n==06 n==8 n=12 n=15

T m T m T m T m
HY [0.331, 0.442] 24 [0.272, 0.384] 32 [0.368, 0.410] 104 [0.320, 0.391] 130
HY [0.521, 0.592] 60 [0.460, 0.502] 80 [0.441, 0.484] 184 [0.428, 0.452] 235
HYy 0.546 24 0.485 32 0.4653 104 0.431 130
Hy 0.544 36 0.489 48 0.4713 256 0.433 320

3. Approximating tensor norms. In this section, we apply explicit construc-

Inn

- )-hitting sets in
section 2.4, to derive new approximation methods for the tensor spectral norm and
nuclear norm. Let us formally define the approximation bound for tensor norms.

tions for sphere covering, in particular, the deterministic 2(

DEFINITION 3.1. A tensor norm ||-||, can be approzimated with an approxzimation
bound T € (0,1] if there exists a polynomial-time algorithm that computes a quantity
wr for any tensor instance T in the concerned space such that 7||T ||w < w7y < ||T||w-

Obviously, the larger the 7, the better the approximation bound. We consider
the tensor space R™*™2* X" of order d > 3 and assume without loss of generality
that 2<n; <ng <---<ny.

3.1. Approximation bound for tensor spectral norm. Given a tensor T €
R Xm2XXNd et s denote (recall that ® stands for the outer product)

(3.1) T(x1,22,...,2q) =(T, 21 QX2 Q- Q Xq)
ni no ndg
=D > > tnieia@)i (@2)is - (Ta)i
i1=lig=1  ig=1
to be the multilinear function of vector entries (xi,xs,...,xq), where xp € R™
for k =1,2,...,d. If any vector entry, say, 1, is missing and replaced by e, then
T (e, 2, x3,...,24) € R™ becomes a vector. Similarly, T (e, e, x3,T4,...,x4) € R™*"2

is a matrix and so on.

DEFINITION 3.2. For a given tensor T € R™>™2> X" the spectral norm of T
1s defined as

(3.2) 17 Nlo :=max{T (1, x2,...,xq): |zk]| =1, xz e R™, k=1,2,...,d}.

The tensor spectral norm was proposed by Lim [24] in terms of singular values of
a tensor. In light of (3.1), || T, is the maximal value of the Frobenius inner product
between T and a rank-one tensor whose Frobenius norm is one since ||£; @ 22 ® -+ ®
4l = Tis sl =1,

When d =2, (3.2) is reduced to the matrix spectral norm or the largest singular
value of the matrix, which can be computed in polynomial time (e.g., via singular
value decompositions). He, Li, and Zhang [13] showed that (3.2) is NP-hard when
d > 3. They also proposed the first polynomial-time algorithm with a worst-case

approximation bound ( Z;? é)é The best-known approximation bound for the

tensor spectral norm is Q(( Z;? lr;:")%) by So [34]. However, the method in [34]

relies on the equivalence between convex optimization and membership oracle queries
using the ellipsoid method, and it is computationally impractical. There is also a
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simple but randomized algorithm for the same best bound proposed in [12]. Here
in this subsection, we are able to present the first easily implementable and deter-
ministic algorithm based on sphere covering, with the same approximation bound
Q((HZ;? %)%) To make an exact bound without involving 2, we need to use
HE (2 + 5,3+ v/5) € T(n, 0.3,/ 122, 0(n?)) in (2.14).
ALGORITHM 3.1. Given T € R™M*™2X X% find an approzimate spectral norm
of T.
1. Enumerate zj, € H2* (2++/5,3+ V5) fork=1,2,...,d—2, and solve resulted
matrix spectral norm problem

max {7 (z1,22,...,2d-2,Ci—1,%a) : [|Ta_1] = [|lza| =1},
whose optimal solution is denoted by (zq—1,24).
2. Compare all the objective values in the first step and output the largest one.

It is obvious that Algorithm 3.1 runs in polynomial time as [HZ*(2 + /5,3 +
V5)| = O(ng?) and that the matrix spectral norm is polynomial-time computable.

Moreover, the corresponding approximate solution (z1, z2,...,24—2) is universal; i.e.,
2 € HZ* (2 + /5,3 4+ +/5) is independent of the data 7 for k=1,2,...,d — 2.

THEOREM 3.3. Algorithm 3.1 is a deterministic polynomial-time algorithm that
approzimates || T ||, with a worst-case approzvimation bound 0.3972( Z;f %)% for
any T € RM>X™X X0 o 2 € HPF(2 + 5,3+ V5) for k=1,2,...,d — 2 and
zL €S™ for k=d—1,d can be found such that

1
doo d_annk ’
08°2 ([T | Tl < T(z 220 20) < T

k=1

Proof. Let us denote 73, = 0.3,/% for k=1,2,...,d — 2. Let (y1,Ys,---,Yyq)
be an optimal solution of (3.2), i.e., T(y1,¥s9,-..,Yy4) = ||T||s. For the vector v, =

T(®,Y5,Ys,---,Y,), either |[vi]| =0 or there exists z; € HZ' (2++/5,3++/5) such that
z?HZ—iH > 7. In any case, one has

T(21,Y2:Y35- - Ya) = Z1Tvl > 1illva]| > Tl'levl =117 (Y1,Y2>---,Ya)-

Similarly, for every k =2,3,...,d — 2 that are chosen one by one increasingly, there
exists zj, € HZ* (24 V5,3 ++/5) such that

T(z1, s Zk—15 2k Yps 15+ - > Ya) ZzET(zl,...,zk,l,o,ka, e Yg)
> Ty HT(zl,...,zk_l,o,yk+1,...,yd)H
>y T(Z15 - 261, 9, Yp 15 Ya)
=TT (215 s Zk=1:Yps Ysg 1> - - Y-

By applying the above inequalities recursively, we obtain

d—2 d—2
T(Z],ZQ,...7Zd,27yd_1,yd) > (HTk> T(ylﬂyQ"'ayd) = (HTk> ||T||0'
k=1 k=1

The first step of Algorithm 3.1 must have enumerated this (z1,z2,...,24-2) and
computed corresponding z4_1 € S"?! and z4 € S™¢ such that
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T(21,22,...,24) = max T (21,22, ,2d—2,Td—1,%q)
lza—1ll=lleall=1

>T(z1,22,--,2d-2:Yq_1:Yq)

d—2
> (H Tk) 1715
k=1

Finally, the best one found by the second step must be no less than the above
T(Z:[,ZQ,...,Zd)- o

A closely related problem to the tensor spectral norm (3.2) is sphere constrained
homogeneous polynomial optimization max{p(x) : ||z| =1}, where p(x) is a homoge-
neous polynomial function of degree d. In other words, there is a symmetric (entries
are invariant under permutations of indices) tensor 7 € R™* "™ *™ of order d such
that p(x) = T(x,x,...,x). This is a widely applicable optimization problem but
is also NP-hard when the degree of the polynomial d > 3 [26]. The current best
approximation bound for this problem is ) ((mT")dﬂ_l), obtained by a randomized
algorithm [12] or a deterministic but not implementable method [34]. In fact, it is not
difficult to obtain an easily implementable deterministic algorithm with the same best
approximation bound with the help of a polarization formula [13, Lemma 1] below.

LEMMA 3.4. Let T € R™" "™ be a symmetric tensor of order d and p(x) =
T(x,x,...,x) a homogeneous polynomial of degree d. If &;,&s,...,&q are i.4i.d. sym-
metric Bernoulli random variables (taking values £1 with equal probability), then

d d
E [(H@) P (kaazk>] =d\T(x1,22,...,24).
i=1 k=1

We only state the results but leave the details to the interested reader.

THEOREM 3.5. Let p(x) be a homogeneous polynomial function of dimension n
and degree d > 3. If d is odd, then there is a deterministic polynomial-time approzxi-
mation algorithm which outputs z € S™ such that

max p(x).
ll=1

Inn d/2—1
n)

p(z) >0.3772dld—¢ (

If d is even, then there is a deterministic polynomial-time approzimation algorithm
which outputs z € S™ such that

p(z) = min, p(e) 2 037 ™ (M)d/21 (I 2l 1p(w)_|rﬁ|i£1p(w)>'

|z]|=1 n

3.2. Approximation bound for the tensor nuclear norm. We now study
the approximation for the tensor nuclear norm.

DEFINITION 3.6. For a given tensor T € R™M X"2x x4

1s defined as

, the nuclear norm of T

(3-3)

||T||*:—m1n{z>\| T = Zm gzl @ -0, )\ieR,|w§€i)||:1,reN}.
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From (3.3), we see that the tensor nuclear norm is the minimum of the sum of
Frobenius norms of rank-one tensors among all rank-one decompositions. A rank-one
decomposition of 7 that attains |7« is called a nuclear decomposition of 7 [10].
When d = 2, the tensor nuclear norm is reduced to the matrix nuclear norm, which
is the sum of all singular values. Similar to the role of matrix nuclear norm used
in many matrix rank minimization problems, the tensor nuclear norm is the convex
envelope of the tensor rank and is widely used in tensor completions [11, 38].

The tensor nuclear norm is the dual norm to the tensor spectral norm and vice
versa, whose proof can be found in [25, 5].

LEMMA 3.7. For given tensors T and Z in a same tensor space, it follows that

(3.4) 7= ”Inax (T,2Z) and ||T||«+ = max (T,Z).

Zl.<1 IZ]lo<1

Computing the tensor nuclear norm is also NP-hard when d > 3, as shown by
Friedland and Lim [10]. In fact, it is much harder than computing the tensor spectral
norm. From the definition (3.3), finding a CP decomposition is not an easy task for
a given r, and from the dual formulation (3.4), checking the feasibility || Z||, <1 is
also NP-hard. Perhaps the only known method is due to Nie [27], which is based
on the sum-of-squares relaxation and can only work for symmetric tensors of low
dimensions. In terms of polynomial-time approximation bounds, the best bound is

Zj %k There are two methods to achieve this bound; one is via matrix flattenings
of the tensor [18], and the other is via partitioning the tensor into matrix slices [22].
This bound is worse than the best one for the tensor spectral norm. Let us now bridge
the gaps using an idea similar to grid sampling in [17].

To better illustrate our main idea, we discuss the details for a tensor T €
R"*"2X73 of order three. According to the dual formulation (3.4),

[T« = max{(T, 2) : || 2]l <1}

=max{(T,2): Z(x,y,2) <1 for all |[z]| = [y = ||z]| =1}

(3.5) = max{(T, 2)

: max Z(x,y,z) <1 forall |z|] = 1} .

lyll=llzl=1
Notice that for a given @, the constraint max|j,|— =1 Z(x,y,z) <1 is the same to
| Z(x,o,0)|, <1, or the largest singular value of the matrix Z(x,e,e) is no more
than one. This can be equivalently represented by I = Z(x,e,e)Z(x,e,e)". Here a
symmetric matrix A > O means that A is positive semidefinite, and A > B means
that A — B > O. Applying the Schur complement, we then have

| Hml?x\l Z(x,y,z) <1l<=1> Z(x, 0,0)Z(x,0 0"
yll=llz||=1

I Z(x, o0 0)

= [ Z(xz,0,0)T I ] = 0.

Combining with (3.5), we obtain an equivalent formulation of the tensor nuclear norm

I Z(x,0,0)

(36) |7 Zmax{(T, 2): [ oo 2

] = O for all ||| :1}.

Obviously, there is no way to enumerate all  in S™* in (3.6), but the sphere
covering is indeed helpful in this scenario. If we replace ||z| =1 with = € H"* for
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some deterministic H™ € T(ny,7,0(n1%)) with some university constant «, (3.6) is
then relaxed to

max{(T’ Z): [ Z(m,lo,o)T Z(m}o,o) = O for all z € H"l} .

This becomes a semidefinte program with O(n1%) number of positive semidefinite
constraints.

ALGORITHM 3.2. Given T € R™*™*™_ find an approzimate nuclear norm
of T.
1. Pick a T-hitting set H™ € T(ny,7,0(n1%)), and solve the semidefinite program

I Z(x,0,0)

(3.7) u=max{<T’Z>: [ Z(x,00)" I

iOforall:L'EH"l}.

2. Output Tu.

THEOREM 3.8. For any H" € T(n1,7,0(n1%)), Algorithm 3.2 is a deterministic
polynomial-time algorithm that approzimates ||T ||« with a worst-case approximation
bound 7.

Proof. Denote Y to be an optimal solution of (3.7). It is easy to see that (3.7)
is a relaxation of the maximization problem (3.6) since H"* C S"'. Therefore, u =
(T ) =Tl

For any y, z, denote v = Y(e,y, z), and either we have ||v|| = 0 or there exists « €
H"* such that azTHz—H > 7, both leading to V(z,y,2) = xTv > 7|v|| = 7|V (e, y, 2)|.
Therefore,

Y(w,y,z) 27 1V(e,y, 2]l

max max
zeH™, [ly||=|lz]=1 lyli=lzl=1

max V(x,y,z
lleel|=l1yl|=Il=ll=1 @9.2)

=7Vl
By the feasibility of Y in (3.7), ||V (x,e,)||, <1 for all € H™, implying that

[TVl =7Vl < V(x,y,2) = max |V(z,e,0)|, <1.

max
zeH™, [ly||=z[=1 zeH™
This means that 7Y is a feasible solution to the dual formulation (3.4), and so

Tl = max (T.2) 2 (T,7¥) = (T ) = ruz 7| T]l.. 0

Compared to Algorithm 3.1, which requires (possibly large) enumeration and then
comparison, Algorithm 3.2 only needs to solve one semidefinite program, albeit the
size is large if H™ is large. We emphasize that H"! in Algorithm 3.2 needs to be a
deterministic 7-hitting set in order to archive a feasible solution of || Z]|, <1 in (3.4)
with the desired approximation bound 7 in Theorem 3.8. Although a randomized
hitting set H{"' (,€) can be used in Algorithm 3.2, it is likely that 7)) in the proof
of Theorem 3.8 is not feasible to (3.4). However, (7,Y) could still be a good upper
bound of || 7]« in this case. Let us now extend Algorithm 3.2 to a general tensor of
order d.
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ALGORITHM 3.3. Given T € R™*"2X XM find an approzimate nuclear norm
of T.
1. PickH" € T(ng, 1k, O(ng®*)) fork=1,2,...,d—2, and solve the semidefinite
program

uzmax{(T,Z): [ Q(X§_2)T Q(de—Q) = O for all z, EH"’“},

where Q(Xq—2) = Z(x1,T2,...,T4—2,0,0).
2. Output uHZj Th-

We state the final theorem, which obtains an improved approximation bound for
the tensor nuclear norm using the hitting set HZ (2++/5,34-/5) in (2.14). This bound
finally matches the current best one for the tensor spectral norm; see Theorem 3.3.
The proof is similar to that of Theorem 3.8 and is omitted.

THEOREM 3.9. By choosing HZ*(2 + /5,3 + V/5) for k = 1,2,....d — 2,
Algorithm 3.3 is a deterministic polynomial-time algorithm that approximates ||T ||«
with a worst-case approzimation bound 0.3%~2( Z;f %)% for any T € R™M X M2 X0,

3.3. Numerical performance of approximation methods. We now test the
numerical performance of the methods for approximating tensors norms in comple-
ment to the theoretical results established earlier. All the experiments are conducted
on a Linux server (Ubuntu 20.04) with an Intel Xeon Platinum 8358 at 2.60 GHz
and 512 GB of RAM. The computations are implemented in Python 3. The semidef-
inite optimization solver! in COPT Fusion API for Python 9.3.13 is called whenever
semidefinite programs are involved.

We first test Algorithm 3.1 to approximate the tensor spectral norm using exam-
ples in Nie and Wang [28, Examples 3.12, 3.13, and 3.14]. The semidefinite relaxation
method in [28] works well in practice and usually finds optimal values. It also enable
us to check the true approximation bounds in practice rather than the conservative
theoretical bounds. The results for the first two examples are shown in Table 5. For
Example 3.13, the method in [28] calls the fmincon function in MATLAB for a local
improvement. This is the benchmark optimal value used to compute the approxi-
mation bounds. We also apply the classic alternating least square (ALS) method
[21] as a local improvement starting from the approximate solutions obtained by
Algorithm 3.1. Whenever a local improvement method is applied, the corresponding
indicator is appended with a “4” sign.

The results for Example 3.14 in [28] are shown in Table 6. In this example,
the method in [28] obtained global optimality directly without applying the local

TABLE 5
Numerical results for Examples 3.12 and 3.13 in [28].

Example Method CPU CPU+ Value Value+ Bound Bound+

Ex 3.12 (28] 0.703 2.8167 1.0000
Alg 3.1 0.000 0.000 2.2076 2.8167 0.7837 1.0000
Ex 3.13 (28] 0.545 0.612 0.9862 1.0000 0.9862 1.0000
Alg 3.1 0.000 0.250 0.8397 1.0000 0.8397 1.0000

Thttps://docs.mosek.com /latest /pythonfusion /tutorial-sdo-shared.html.
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TABLE 6
Numerical results for Ezample 3.14 in [28].

Method CPU CPU+ Value Value+ Bound Bound+ Inn/n

5 [28] 0.997 6.0996 1.0000

Alg 3.1 0.020 0.050 4.3058 6.0996 0.7059 1.0000 0.5674
10 [28] 1.411 14.7902 1.0000

Alg 3.1 0.320 1.920 8.4779 14.7902 0.5732 1.0000 0.4799
15 [28] 3.696 25.4829 1.0000

Alg 3.1 1.670 3.680 11.4022 25.4829 0.4474 1.0000 0.4249
20 [28] 8.763 33.7020 1.0000

Alg 3.1 4.870 20.120 13.3617 33.7020 0.3964 1.0000 0.3870
25 [28] 37.535 46.7997 1.0000

Alg 3.1 50.310 110.000 19.5674 46.7997 0.4181 1.0000 0.3588
30 [28] 52.994 64.9106 1.0000

Alg 3.1 101.380 152.160 24.5234 64.9106 0.3778 1.0000 0.3367
35 [28] 111.547 80.7697 1.0000

Alg 3.1 197.510 350.360 28.6220 80.7697 0.3543 1.0000 0.3187
40 [28] 241.565 95.0878 1.0000

Alg 3.1 362.230 548.350 33.7020 95.0878 0.3307 1.0000 0.3037

improvement. We also listed the theoretical approximation bound 1“7" (without

showing the constant disguised under the ) of our algorithm for comparison.

Observed from the numerical results of these three examples, Algorithm 3.1 ob-
viously fails to obtain optimality in contrast to a practical method, but with the
help of the ALS method, the global optimality is obtained for all the test instances.
The approximation bounds calculated by these numerical instances are better than
the theoretical approximation bounds shown in section 3.1. In terms of the compu-
tational time by comparing with the method in [28], Algorithm 3.1 runs quicker for
low dimensions, but the running time increases quickly when the dimension of the
problem increases.

To systematically verify and compare with the theoretical approximation bounds
obtained by our algorithms, we perform tests on randomly generated tensors whose
spectral and nuclear norms can be easily obtained. In particular, let

(38)  T=3 A @y, @z with A >0 and [l2;] = |y, = ||z =1 for all i

=1

where (w?m])(y?yj) =2z}z; =0 for i # j. This is a special type of orthogonally
decomposable tensor. With the special structure of 7 in (3.8), it is not difficul to see
that ||T|le = maxi<i<, A; and ||7|l. = >°;_; A;. The components of T in (3.8), A;’s,
x;’s, y,’s, and z;’s, are generated from i.i.d. standard normal distributions and made
positive (by taking the absolute value) or orthogonal if necessary.

We apply Algorithm 3.1 to approximate the spectral norm and Algorithm 3.2
to approximate the nuclear norm for n x 10 x 10 tensors and 10 X n X n tensors,
both with varying n. Instead of the deterministic hitting set Hs used in the original
algorithms, we replace it with a randomized hitting set H; that is numerically more
stable and efficient. The results are shown in Tables 7 and 8 for the spectral norm
and in Tables 9 and 10 for the nuclear norm. For each type of tensor with a fixed size,
say, 5x 10 x 10, we randomly generate 200 instances and find an approximate solution
of the spectral norm by Algorithm 3.1, whose approximation bound is then computed
since the optimal value is known. We then use the approximate solution as a starting
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TABLE 7
Approzimating the spectral norm by Algorithm 3.3 (using HY ) for n x 10 x 10 tensors.

n 5 10 20 30 40 50

vInn/n 0.5674 0.4799 0.3870 0.3367 0.3037 0.2797
Min bound 0.6317 0.6344 0.5751 0.5263 0.4663 0.4602
Min bound+ 0.6921 0.6500 0.5847 0.5371 0.4768 0.8603
Max bound 0.9879 0.9611 0.8572 0.7653 0.7025 0.6579
Max bound+ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Mean bound 0.8898 0.8219 0.6786 0.6459 0.5778 0.5278
Mean bound+ 0.9895 0.9896 0.9859 0.9825 0.9758 0.9932
% of optimality+ 92.0% 92.0% 91.0% 87.5% 84.5% 89.0%
Mean CPU+ 0.02 0.23 0.78 6.84 12.47 18.39

TABLE 8

Approzimating the spectral norm by Algorithm 3.3 (using H%O) for 10 x n X n tensors.

n 5 10 20 30 40 50

Min bound 0.6574 0.5016 0.5094 0.6858 0.5133 0.5905
Min bound+ 0.6746 0.5321 0.5109 0.7236 0.5261 0.6099
Max bound 0.9451 0.9453 0.9472 0.9375 0.9819 0.9620
Max bound+ 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Mean bound 0.8271 0.8292 0.8308 0.8280 0.8326 0.8295
Mean bound+ 0.9899 0.9826 0.9893 0.9933 0.9814 0.9851
% of optimality+ 90.0% 85.5% 91.0% 93.5% 88.5% 90.0%
Mean CPU+ 0.06 0.23 0.76 1.81 3.12 5.53

TABLE 9

Approzimating the nuclear norm by Algorithm 3.9 (using HY ) for n x 10 x 10 tensors.

n 5 10 20 30 40 50

v/n/lnn 1.7626 2.0840 2.5838 2.9699 3.2929 3.5751

Min bound 1.1791 1.2521 1.7417 1.8815 2.1672 2.5568

Max bound 1.4998 1.5263 2.0248 2.0187 2.2854 3.2108

Mean bound 1.3078 1.4135 1.9055 1.9522 2.2221 2.9763

Mean CPU+ 0.69 13.31 101.49 1957.03 5365.99 11609.46
TABLE 10

Approzimating the nuclear norm by Algorithm 3.9 (using IHI%O) for 10 X n X n tensors.

n 5 10 20 30 40 50

Min bound 1.2999 1.3110 1.3008 1.3225 1.3638 1.3511
Max bound 1.5275 1.5303 1.5257 1.5405 1.5099 1.5726
Mean bound 1.4120 1.4112 1.4148 1.4148 1.4200 1.4239
Mean CPU+ 2.06 13.23 160.03 941.46 6618.63 9488.85

point to apply the ALS method as a local improvement. As before, the corresponding
indicator is appended with a “4” sign when a local improvement is involved. The
same setting is implemented for the tensor nuclear norm by Algorithm 3.2 except that
(1) there is no local improvement method to improve our approximation solution and
(2) we do not multiply 7 to the output solution ), as 7 involves an 2, but directly use
(T,Y) to obtain an upper bound (see the proof of Theorem 3.8), and so the bound is
larger than one. In this scenario, the closer to one, the better the bound.
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From these tables, we see that the approximation bounds obtained by numeri-

Inn
n

and the nuclear norm. For the latter, it obviously beats the previous known best
one Q(ﬁ) For the spectral norm, running the ALS method starting with our ap-
proximate solutions can lead to global optimality for most random generated tensor
instances.

cal instances outperform the theoretical bound €( ) for both the spectral norm

4. Concluding remarks. We constructed hitting sets or collections of spherical
caps to cover the unit sphere with adjustable parameters for different levels of approx-
imations and cardinalities, listed roughly in Table 1. These readily available products
can be used for various decision-making problems on spheres or related problems. By
applying the covering results, we proposed easily implementable and deterministic
algorithms to approximate the tensor spectral norm with the current known best ap-
proximation bound. The algorithms can be extended to provide approximate solutions
for sphere constrained homogeneous polynomial optimization problems. Determinis-
tic algorithms with an improved approximation bound for the tensor nuclear norm
were proposed as well. This newly improved bound attains the best-known one for
the tensor spectral norm.

For 1 < p < o0, the tensor spectral p-norm [24] generalizes the tensor spectral norm
in which the unit sphere ||| =1 is replaced by the £,-sphere |x||, = 1. The tensor
nuclear p-norm can also be defined similarly [10]. Hou and So [16] studied related
£,-sphere constrained homogeneous polynomial optimization problems and proposed
approximation bounds. It is natural to ask whether one can construct ¢,-sphere
coverings and apply them to approximate the tensor spectral and nuclear p-norms.
The answer is likely yes but still challenging. In fact, one can construct randomized
hitting sets using similar ideas in section 2.1 to show an ¢, version of Theorem 2.2,
but deterministic constructions remain difficult. Perhaps a more interesting problem
is to explicitly construct hitting sets for the binary hypercube {1, —1}" with different
levels of approximations and cardinalities. It will have wider applications, particularly
in discrete optimization and graph theory. We leave these to future works.

Acknowledgments. The authors would like to thank the anonymous referees for
their insightful comments that helped to improve this paper from its original version.

REFERENCES

[1] B. BOLLOBAS, The Art of Mathematics: Coffee Time in Memphis, Cambridge University Press,
Cambridge, 2006.
[2] K. BOROCZKY AND G. WINTSCHE, Covering the sphere by equal spherical balls, in Discrete and
Computational Geometry: The Goodman-Pollack Festschrift, B. Aronov, S. Basu, J. Pach,
and M. Sharir, eds., Springer-Verlag, Berlin, 2003, pp. 235-251.
[3] A. BRIEDEN, P. GRITZMANN, R. KANNAN, V. KLEE, L. LovAsz, AND M. SIMONOVITS, Approz-
tmation of diameters: Randomization doesn’t help, in 39th Annual IEEE Symposium on
Foundations of Computer Science, 1998, pp. 244-251.
[4] B. CHEN, S. HE, Z. L1, AND S. ZHANG, Mazimum block improvement and polynomial optimiza-
tion, SIAM J. Optim., 22 (2012), pp. 87-107.

[5] B. CHEN AND Z. L1, On the tensor spectral p-norm and its dual norm via partitions, Comput.
Optim. Appl., 75 (2020), pp. 609-628.
A. P. DA Siva, P. CoMON, AND A. L. DE ALMEIDA, A finite algorithm to compute rank-1
tensor approzimations, IEEE Signal Process. Lett., 23 (2016), pp. 959-963.

[7] L. DE LATHAUWER, B. DE MOOR, AND J. VANDEWALLE, A multilinear singular value decom-
position, STAM J. Matrix Anal. Appl., 21 (2000), pp. 1253-1278.

[8] I. DUMER, Covering spheres with spheres, Discrete Comput. Geom., 38 (2007), pp. 665—679.

[9] J. EpMONDS, Submodular functions, matroids, and certain polyhedra, in Combinatorial
Optimization—FEureka, You Shrink!, M. Jiinger, G. Reinelt, and G. Rinaldi, eds., Springer-
Verlag, Berlin, 2003, pp. 11-26.

[6]

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



2088

(10]
(11]
(12]
(13]

[14]
(15]

[16]
(17]
(18]
19]

20]

21]
(22]
23]

[24]

[25]
[26]
[27]
28]
29]

(30]

31]

(32]

(33]
(34]

(35]

(36]
(37]
(38]

(39]

SIMAI HE, HAODONG HU, BO JIANG, AND ZHENING LI

S. FRIEDLAND AND L.-H. LM, Nuclear norm of higher-order tensors, Math. Comput., 87 (2018),
pp. 1255-1281.
S. GANDY, B. RECHT, AND 1. YAMADA, Tensor completion and low-n-rank tensor recovery via
convez optimization, Inverse Problems, 27 (2011), 025010.
S. HE, B. JIANG, Z. L1, AND S. ZHANG, Probability bounds for polynomial functions in random
variables, Math. Oper. Res., 39 (2014), pp. 889-907.
S. HE, Z. L1, AND S. ZHANG, Approzimation algorithms for homogeneous polynomial optimiza-
tion with quadratic constraints, Math. Program., 125 (2010), pp. 353-383.

. J. HILLAR AND L.-H. LiMm, Most tensor problems are NP-hard, J. ACM, 60 (2013), 45.

. L. HircHCOCK, The expression of a tensor or a polyadic as a sum of products, J. Math.
Phys., 6 (1927), pp. 164-1809.

. Hou AND A. M.-C. So, Hardness and approxzimation results for Ly-ball constrained homo-
geneous polynomial optimization problems, Math. Oper. Res., 39 (2014), pp. 1084-1108.

. Hu, B. JiANG, AND Z. L1, Complexity and Computation for the Spectral Norm and Nuclear
Norm of Order Three Tensors with One Fized Dimension, arXiv:2212.14775, 2022.

S. Hu, Relations of the nuclear norm of a tensor and its matriz flattenings, Linear Algebra
Appl., 478 (2015), pp. 188-199.

B. JIANG, S. MA, AND S. ZHANG, Tensor principal component analysis via convex optimization,
Math. Program., 150 (2015), pp. 423-457.

C. JONES AND M. MCPARTLON, Spherical discrepancy minimization and algorithmic lower
bounds for covering the sphere, in Proceedings of the 2020 ACM-SIAM Symposium on
Discrete Algorithms, Vol. 202, pp. 874-891.

T. G. KoLpa AND B. W. BADER, Tensor decompositions and applications, SIAM Rev., 51
(2009), pp. 455-500.

Z. L1, Bounds on the spectral norm and the nuclear norm of a tensor based on tensor partitions,
SIAM J. Matrix Anal. Appl., 37 (2016), pp. 1440-1452.

Z. L1, S. HE, AND S. ZHANG, Approximation Methods for Polynomial Optimization: Models,
Algorithms, and Applications, Springer, New York, 2012.

L.-H. LM, Singular values and eigenvalues of tensors: A variational approach, in Proceedings
of the IEEE International Workshop on Computational Advances in Multi-Sensor Adaptive
Processing, Vol. 1, 2005, pp. 129-132.

L.-H. Lim AND P. CoMON, Blind multilinear identification, IEEE Trans. Inform. Theory, 60
(2014), pp. 1260-1280.

Y. NESTEROV, Random Walk in a Simplex and Quadratic Optimization over Convex Polytopes,
CORE Discussion Papers, 2003/71, Université catholique de Louvain, Louvain-la-Neuve,
2003.

J. NIE, Symmetric tensor nuclear norms, SIAM J. Appl. Algebra Geom., 1 (2017), pp. 599-625.

J. NIE AND L. WANG, Semidefinite relaxations for best rank-1 tensor approzimations, STAM J.
Matrix Anal. Appl., 35 (2014), pp. 1155-1179.

M. D. PETKOVIC, D. POKRAJAC, AND L. J. LATECKI, Spherical coverage verification, Appl.
Math. Comput., 218 (2012), pp. 9699-9715.

Y. RABANI AND A. SHPILKA, Explicit construction of a small epsilon-net for linear threshold
functions, in Proceedings of the 41st Annual Symposium on Theory of Computing, 2009,
pp. 649-658.

P. A. REcALIA AND E. KoFIDIS, The higher-order power method revisited: Convergence proofs
and effective initialization, in Proceedings of the 2000 IEEE International Conference on
Acoustics, Speech, and Signal Processing, Vol. 5, 2000, pp. 2709-2712.

C. A. ROGERS, The packing of equal spheres, Proc. Lond. Math. Soc., s3-8 (1958),
pp. 609-620.

C. A. ROGERS, Covering a sphere with spheres, Mathematika, 10 (1963), pp. 157-164.

A. M.-C. So, Deterministic approximation algorithms for sphere constrained homogeneous

N

= Qa

Z =

polynomial optimization problems, Math. Program., 192 (2011), pp. 357-382.

. VANNIEUWENHOVEN, R. VANDEBRIL, AND K. MEERBERGEN, A mnew truncation strategy
for the higher-order singular value decomposition, SIAM J. Sci. Comput., 34 (2012),
pp. 1027-1052.

H. VIKALO AND B. HASSIBI, Sphere Decoding Algorithms for Wireless Communications, Cam-
bridge University Press, Cambridge, 2020.

G. XUE, On an open problem in spherical facility location, Numer. Algorithms, 9 (1995),
pp. 1-12.

M. Yuan AND C.-H. ZHANG, On tensor completion via nuclear norm minimization, Found.
Comput. Math., 16 (2016), pp. 1031-1068.

X. ZHANG, L. Q1, AND Y. YE, The cubic spherical optimization problems, Math. Comput., 81
(2012), pp. 279-1525.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/2212.14775

	Introduction
	Some uniform notations

	Sphere covering by spherical caps
	Randomized <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	(n/n)?></0:tex-math></0:inline-formula>-hitting sets
	An <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	(1/n)?></0:tex-math></0:inline-formula>-hitting set
	<0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	(1)?></0:tex-math></0:inline-formula>-hitting sets
	<0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	(n/n)?></0:tex-math></0:inline-formula>-hitting sets

	Approximating tensor norms
	Approximation bound for tensor spectral norm
	Approximation bound for the tensor nuclear norm
	Numerical performance of approximation methods

	Concluding remarks
	Acknowledgments
	References

